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1. Show that if G is a simple group of order 4pq, where p and ¢ are distinct odd primes, then
|G| = 60.

2. Let G be a non-trivial finite group. Show that if M NN = {1} whenever M and N are distinct
maximal subgroups of G, then some maximal subgroup of G is normal. (Recall that a subgroup
of a group is called mazimal if it is a proper subgroup not properly contained in any other proper
subgroup.)

3. Let F be a field of order 1024, and let G = GL(6,F), the group of invertible 6 x 6 matrices with
entries in F.

(a) How many conjugacy classes of G contain an element of order 37
(b) How many conjugacy classes of G contain an element of order 47

4. Let I be a nonzero ideal in Z[i]. Show that [ is a prime ideal if and only if it is a maximal ideal.

5. Let E < K be a field extension of degree n. Show that if there are more than 2"~! intermediate
subfields E < F < K, then there are infinitely many intermediate subfields. (Hint: At some point
consider minimal polynomials.)

6. Find the Galois group of 2% — 3 over Q.
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1. Let G be the alternating group Ag.

(a) How many Sylow 2-subgroups does G have ?
(b) To what well-known group is a Sylow 2-subgroup of G isomorphic ?

2. Let G be a group each of whose elements is its own inverse.

(a) Prove that G is abelian.
(b) If G is finite, what are the only possibilities for its order 7
(¢) Prove that if |G| > 2 and is finite, then its automorphism group Aut(G) is not abelian.

3. Let R be a commutative and associative ring with multiplicative identity 1 # 0 and let I be an
ideal of R. Suppose that I is not finitely generated and that the only ideal of R not finitely generated
and containing [ is I itself. Then show that I is a prime ideal. [Hint: You may want to make use of
Jo:={re€eR:racl}foracR]

4. For any vector spaces V and W over a field k, let Homy(V, W) be the set of k-linear maps (=
k-linear transformations) from V' to W and let V* = Homg(V, k).

Now let V' and W be finite-dimensional vector spaces over a field k. Then:

(a) Show that Homyg(V, W) is a vector space over k under the natural operations of addition and
k-scalar multiplication;

(b) Calculate dimy Homy(V, W);

(c) Calculate dimy, (V*®,W); and

(d) Construct an explicit isomorphism to show that Homy(V, W) and V*®;W are isomorphic as
vector spaces over k.

5. Let K be a field of characteristic p # 0, and let f = 2P —x — a € K[z]. Show that either f splits
(completely) in K[x] or f is irreducible over K.

6. Find a splitting field L/Q and the Galois group G = Gal(L/Q) for f = 2% — 3 € Q[z]. Find 3
nontrivial, proper subgroups of G and the intermediate fields to which they correspond according to
the fundamental theorem of Galois theory.
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1. If P is a Sylow p-subgroup of a finite group G, where p is a prime factor of |G|, show that
(a) For any subgroup H of G containing Ng(P), we have Ng(H) = H,
(b) Ne(Ne(P)) = Na(P).

2. Let G be a finite group for which 22 =1 for all 2 € G.

(a) Prove that G is abelian of order 2" for some n.
(b) Prove that the product of all elements of G is equal to the identity if the order of G is
sufficiently large. (Your answer should make it clear what “sufficiently large” means.)

3. (a) Let n € Z, n > 1, and let I be the ideal generated by n and x in Z[z]. Show that I is a
maximal ideal if and only if n is prime.
(b) Show that Z[z] is not isomorphic, as a ring, to Z.

Recall that if G is a group, the group ring ZG is the free Z-module on G with associative
multiplication inherited from the multiplication in G, so that every element in ZG is uniquely

Z g1 91

represented by a sum

g1€G
with ng, € Z, and
Z Ng1 91 Z Ngog2 = angv
g1€G g2€G geqG

where ng =3, . _ ng Ng,.
(¢) Show that if G is any nontrivial group, the group ring ZG has at least four units. Deduce
that Z[x] is not isomorphic to any group ring ZG.

4. Let S be a commutative ring. We say that S is a graded ring if we can decompose S into the direct
sum of additive subgroups S = €D, - Sn, such that for all integers k,l > 0 we have S;pS; C Si4y.
(For example, if R is a commutative ;ing, then S = R[z1,...,%n] is a graded ring, where S,, consists
of the elements of total degree n.)

(a) If S is a graded ring, verify that Sy is a subring, and that for every n, S, is an Sy-module.
(b) Show that if S is a graded ring, then S; = €
ideal if and only if Sy is an integral domain.

n>0 On is an ideal of S, and that it is a prime

5. (a) Let p be an odd prime. By considering the action of the Frobenius automorphism, show that
P —x — 1 is irreducible over [, the field with p elements.
(b) Show that the Galois group of % — 6z — 1 over Q is Ss.
6. Let pi1,...,p, be distinct odd prime numbers, m =[], p;, and ¢ a primitive mt" root of unity.
Let K = Q(¢). Determine with proof the number of subfields F, Q C E C K, with [E : Q] = 2.
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1. Show that Q under addition does not have any proper subgroup of finite index.

2. Show that if G is a group, |G| = 315, and G has a normal subgroup of order 9, then G is abelian.
You may assume that if p < g are primes such that p does not divide ¢ — 1, then a group of order pq
is cyclic, and if Z is the center of G and G/Z is cyclic, then G is abelian.

3. (a) (i) Prove that the integral domain Z[i| (the Gaussian integers) is a Euclidean domain.
(ii) What are its units?
(iii) Give an example of a maximal ideal of Z[i].
(b) (i) Prove that the integral domain Z[z] is not a Euclidean domain.
(ii) What are its units?
(iii) Give an example of a maximal ideal of Z[z].
(c) (i) Prove that the integral domain Z[y/—5] is not a Euclidean domain.
)

(ii) What are its units?

4. Let R be a ring and M a left R-module. For N any submodule of M, define A(N) ={a € R :
aN = 0}. For J any ideal of R, define N(J) ={ne M : Jn=0}.
(a) Prove that A(N) is an ideal of R.
(b) Prove that RN is a submodule of M.
(c) Prove that N(J) is a submodule of M.
(d) Prove: If N and L are submodules of M and N C L, then A(L) C A(N).
(e) Prove: If Ny and Ny are submodules of M, then A(Ny + N2) = A(Ny) N A(Na).
In (f) and (g) assume that R is nilpotent, i.e., there exists a positive integer n such that the product
of n elements of R is 0.

(f) Prove: If N # 0, then RN # N.
(g) Prove: If RM # 0, then M is not the direct sum of RM and N(R).

5. Suppose that L : K is a field extension, v € L with 7 transcendental over K. Suppose that
feK[z], deg f > 1.
(a) Show f(7) is transcendental over K.
(b) Suppose that 5 € L with f(3) =~. Show £ is transcendental over K.
(c) Suppose that « € L, a ¢ K, with « algebraic over K. Show K («,y) is not a simple extension
of K.
(d) Suppose that « is a root of f, f € K[z] irreducible of degree n. Prove that [K[a] : K] =n
by displaying a basis for K[a] over K; prove this is indeed a basis. Then prove K[a] is a
field.

6. Find a splitting field L and the Galois group G for z* — 2 € Q[z]. Determine the degree of L : Q.
Find at least 3 subgroups and the intermediate fields to which they correspond according to the
Fundamental Theorem of Galois Theory.
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1. Show there is no simple group of order 90.

2. Let p and ¢ be distinct prime numbers with p # 1 mod ¢, and ¢ Z 1 mod p. Show that every
group of order pq is cyclic.

3. Let d > 1 be an integer. Let Ry = {a + bv/—d : a,b € Z} C C, which is a subring of C. Recall
that in a ring with multiplicative identity, an element is called a unit if it has a 2-sided multiplicative
inverse. Recall also that in an integral domain, an element which is nonzero and not a unit is called
wrreducible if whenever it is written as a product of two elements, one of these elements is a unit.

(a) Show that complex conjugation restricts to an automorphism of Ry.

(b) Show that £1 are the only units of Ry if d > 1.

(c) Show that 2 + /=5, 2 — /=5, and 3 are irreducible elements of Rj.

(d) From the equation 3-3 = (2++/=5)(2 —v/=5), show that R5 is not a principle ideal domain.

4. Let (R,+,-) be a ring that contains a field F' as a subring. Then R has the structure of an
F-vector space, where addition is given by + and scalar multiplication is performed via -. Suppose
that R is a finite-dimensional F-vector space. Show that if R is an integral domain, then R is a field.

5. Find the Galois group of 3 + 10z 4 20 over Q.

6. Let p be an odd prime, and ¢, = (2P — 1)/(z — 1) = 2P~1 + ... + 1 € Z[z]. Let 2z be a root of ¢,
in a splitting field over Q, and let K = Q(z). Show there is precisely one subfield L of K such that
[K : L] = 2. In addition, show that this L is Q(z + 1/z).
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1. Let p be a prime number. Show that

(a) The center of any p-group is a p-group (that is, the center cannot be trivial),
(b) Any group of order p? must be abelian.

2. Let G be a nonabelian group of order pg, with p, ¢ prime and p < q.

(a) Prove that p divides g — 1.
(b) Prove that the center of G is trivial.
(¢) How many distinct conjugacy classes are there in G7

3. The 2 x 2 trace-zero Hermitian matrices form a real vector space H of dimension 3. Let SU(2) =
{9 = (gij)2x2 : 9ij € C,'gg = g'g = I,det g = 1}; it is the special unitary group. An element
g € SU(2) acts on H by p(g) :x € Hw— gxlge H.

(a) Show that there is a (positive-definite) inner product on H that is invariant under the SU(2)
action. (Hint: You may want to consider the determinant of the matrices in H.)
Consequently, for any g € SU(2) we have p(g) € SO(3), where SO(3) is the special orthogonal
group defined by SO(3) = {q = (¢;j)3x3 : ¢ij € R,'qq=q'q= I3,detq=1}.

(b) Show that p: SU(2) — SO(3) is a homomorphism.

(c) Find the kernel of p : SU(2) — SO(3).

(d) Show that p: SU(2) — SO(3) is surjective.

4. Prove that if R is a domain and a # 0 is not a unit in R, then A = (a,z) is not a principle ideal
in R[z]. Explain why Q[z] is a Euclidean domain, but Q[z,y] is not.

5. Let R be a ring with identity 1 and let M be a left R-module on which 1 acts as the identity.

(a) Show that if e € R is in the center of R and satisfies e = e, then we have M = M; & M,
as modules, where M; = eM and My = (1 — e)M. Prove that Endr(M) = Endr(M;) @
Endg(Ms) as rings.

(b) Now suppose 1 = ej + -+ ey, where e; (1 <i < n) are elements in the center of R and they
are orthogonal idempotents, that is, they satisfy e? = ¢; (for all 1 <i < n) and e;e; = 0 (for
all 1 < # j <n). State and prove a generalization of the above result.

(c) Let R = C[Zs] be the group algebral of Zs. Find a decomposition of the unit element 1
into five nonzero orthogonal idempotents. Let M = R, with the R-action given by the left
multiplication. Show that M is isomorphic to a direct sum of five one-dimensional submodules
that are pairwise nonisomorphic.

6. Let ¢ be a primitive complex ninth root of unity.

(a) What is its minimal polynomial over Q?

(b) What is the degree of Q(() over Q7

(¢) Find primitive elements for each field intermediate between Q and Q(¢). Express them as
polynomials in (.

IThe group algebra of a finite group G is the set C[G] of formal sums deg agg(ag € C) with the obvious
multiplication
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1. Let G be a group, G, the group of left translates ay (a € G) of G, and Aut(G) the group of
automorphisms of G. The set GLAut(G) = {o7 : 0 € G, 7 € Aut(G)} is called the holomorph of
G and is denoted Hol G.
(a) Show that HolG is a group under composition and that if G is finite, then |Hol G| = |G| X
|Aut(G)|.
(b) Prove that Hol (Zg x Zs) is isomorphic to Sj.

2. Let G be a group of order pqr where p < g < r are prime. Show that G has a normal Sylow
subgroup.

3. Let R be a commutative ring with identity, I and I3 ideals in R, and ¢ : R — R/I; x R/ the
canonical mapping.
(a) Describe ker ¢ and show that if I1 + Is = R then ker ¢ = I115.

(b) Prove that when I; 4+ Is = R the mapping ¢ is surjective.
(¢) Show that (Zjp0)™ is isomorphic to (Z4)* x (Z25)*.

4. Let V be a finite-dimensional vector space and let T': V' — V be a linear transformation from V'
to itself. Define a mapping 7% : V* — V* by T*(f) = foT.
(a) Show that T* is a linear transformation.
(b) Let B = {ex,...,en} be a basis for V and let B* = {e}, ..., e} } be a basis for V*. Show that
the matrix for T™ relative to B* is the transpose of the matrix for T relative to B.

5. Suppose that F is a finite field and that 23 4+ ax +b € F[z] is irreducible. Explain why —4a® — 275
must be a square in F.

6. Let g(z) = 2P — x — a € Zy[z], where p is a prime and assume a is nonzero.
(a) Show that g(z) has no repeated roots in a splitting field extension.
(b) Show that g(z) has no roots in Z,.
(c) Show that if v is a root of g(z) in a splitting field extension then so is a + b for any b € Z,,.
Conclude that {o+b : b€ Z,} is a complete set of roots of g(x).
(d) Show that g(z) is irreducible in Z,[z].
(e) Construct a splitting field L for g(x) and determine |Gal(L/Z,)|.
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1. Let G be a finite simple group of order n. Determine the number of normal subgroups of G x G.

2. (a) State the Feit-Thompson theorem.
(b) Without using the Feit-Thompson theorem, show that there is no simple group of order
6545 =5-7-11-17.

3. (a) Let R be a ring with ideals I, J such that I C J. Prove that
(R/I)/(J/I) ~ R/J.

(b) Give an example of an unique factorization domain that is not a principle ideal domain (PID).
Prove that this ring is not a PID.

(c) Suppose Risa PID. Say a,b, ¢ € R such that ged(a,b) =1 = ged(a, ¢). Show that ged(a, be) =
1.

4. (a) Let F be a field, V and W finite-dimensional vector spaces over F, and T : V. — W a
linear transformation. Let {wj,ws,...,w,} be a basis for T(V), and take vi,...,v, € V
such that T'(v;) = w; (1 < j < r). Show that vi,...,v, are linearly independent. Then,
let U be the space spanned by vi,...,v., and K = kerT. Prove the theorem that states
rank(T) + nullity(T) = dim(V') by showing V' can be realized as a direct sum of U and K.

(b) Let V be as above. Show that any linearly independent subset {vi,...,v,} of V can be
extended to a basis {v1,...,v,} of V.

5. Suppose that K[a] : K is an extension, that « is algebraic over K, but not in K, and that (3 is
transcendental over K. Show that K(«, ) is not a simple extension of K.

6. Let h(z) = 2* +1 € Q(x).

(a) Show that the four complex numbers :l:@(l + i) are the four roots of h(z) in C.

(b) Find an a € C such that L = Q(«) is a splitting field extension for h(z) over Q.

(c) Describe Gal(L/Q) as a group of permutations of the roots of h(z), and as a group of
automorphisms of L. (The latter means: write an arbitrary a € L out in terms of a basis for
L over Q, and then describe what o (a) looks like in terms of this basis, for each o € Gal(L/Q).

(d) Find all intermediate fields M between L and Q; for each such field M find a subgroup H of
Gal(L/Q) such that M = Fix(H) and H = Gal(L/M). Which of the extensions M : Q are

normal?
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1. (a)

2. (a)

(b)

Suppose that G is a finite group and that there is a group homomorphism
h:G— S,

where S is the multiplicative group of roots of unity in the complex numbers, and which
satisfies

(h(g)* =1
for every element g € G, but for which not every h(g) has the value 1. Prove that G contains
an element of order 3.
Let [F7 be the finite field of 7 elements, and GL(2,F7) the group of nonsingular 2 x 2 matrices
A with entries in F7, and multiplication of matrices as group law. Use the determinant
function to construct a homomorphism

t: GL(Q,IF7) — S

which satisfies
(t(4)* =1
for all A € GL(2,F7), but for which not every ¢(A) has the value 1.

For which prime divisors p of n! are all the elements of the Sylow p-subgroups of the symmetric
group S, even permutations?

In the symmetric group S, the conjugacy class of a particular element a (i.e., the set of
elements conjugate to a) consists of all elements with the same cycle structure as a (i.e.,
whose decomposition as a product of disjoint cycles agrees with that of a in having the same
number of cycles and of the same lengths). For what even permutations a is this also the
case for the conjugacy class of @ in the alternating group A4,, (n > 1)?

3. Let A be a commutative ring with identity 1, and let M be an A-module. If there exists a chain

of submodules

M:MoDMlDMQD"'DMT:{O}

such that fori =1,...,r, M;_1/M; ~ A/P; for some maximal ideal P;, then r is called the length of
M and is denoted by L(M), and M is said to have finite length.

(a)
(b)

(c)

Prove that L4 (M) is well-defined.
If

0— M —M-—M—0
is an exact sequence of A-modules and two of the modules have finite length, then the third
module also has finite length. Furthermore,

La(M)=Lao(M")+ La(M").
If

0O—M, — M, 1 —-— My—0

is an exact sequence of modules of finite length, then

n

> (=1)'La(M;) = 0.

i=1

PLEASE TURN OVER
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4. An ideal a in a commutative ring R is called primary iff a,b € R and ab € a implies that either
a € a or there is an n € N such that 0™ € a.

(a) Provide an example of a prime ideal in Clz, y].

(b) Let a be the ideal in C[z,y] generated by xy and z2. Prove that a is not primary.

)
(c) Prove that the radical of a, /a, is a prime ideal.
(d) Is v/a maximal?

5. (a) Prove that the polynomial * — 27 is irreducible over Q.
(b) Determine a (minimal) splitting field for the polynomial z* — 27 over Q. Determine the order
of its Galois group (over Q) and prove that it is not commutative.

6. (a) Let Q denote the field of rational numbers, and let K be a (minimal) splitting field for 2 — 2
over Q. For what other monic irreducible polynomial in Q[x] is K a splitting field?
(b) Let L be a (minimal) splitting field for 23 + x + 1 over Fa, the field of 2 elements. Find all
other irreducible polynomials in Fo[z] for which L is a splitting field over Fs.
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1. Let G be a finite group and N a normal subgroup. Show that

(a) The intersection with N of a Sylow p-subgroup of G is a Sylow p-subgroup of N and every
Sylow p-subgroup of IV is obtained in this way.

(b) The image in G/N of a Sylow p-subgroup of G is a Sylow p-subgroup of G/N and every
Sylow p-subgroup of G/N is obtained in this way.

2. Let G and H be groups and 0 : H — Aut(G) a homomorphism. Let G Xy H be the set G x H
with the following binary operation: (g, h)(g’, ') = (g[0(h)(¢')], hI).
(a) Show that GxgH is a group with the identity element (e, e’) and (g,h) ' = (8(h"1) (g7 1), h71).
(You may assume without proving it that the operation is associative.)
(b) Use the construction of (a), with G a cyclic group of order 7, to show that there is a group

7

K with 105 elements generated by elements a, b, ¢ such that a® = e, b> = e, ¢’ = e, ab = ba,

be = ¢b, ac = cta.

(c) In the group described in (b), determine the number of Sylow subgroups.

3. (a) Suppose 0 — A" — A — A” — 0 is a short exact sequence of abelian groups. Show that
rank A is finite if and only if rank A’ and rank A” are finite. If so, show that rank A =
rank A’ + rank A”.
n dn— d
(b) Suppose 0 C—m 0 7 2> 0
groups, i.e., C; is an abelian group and d; : C; — C;_1 is a homomorphism such that

ker d;
di—10d; =0, for each 7. Let H; = e (i =0,1,...,n). Assume that rank C; is finite,
Imd;q

d1

Co 0 is a chain of abelian

for all 7. Define two polynomials
n n
m(t) = Z rank C;t’, p(t) = Z rank H;t'.
=0 i=1

Show that there is a polynomial ¢(¢) with nonnegative coefficients such that m(t) = p(t) +
(1+1t)q(t).

4. Let R be a commutative ring and M be a module over R. A submodule N is a characteristic
submodule if p(N) C N for any R-endomorphism ¢ of M. Show that
(a) Vr € R, rM and Ann(r) = {m € M : rm = 0} are characteristic submodules of M.

(b) If N is a characteristic submodule of M, and P, @ are complementary submodules of M,
ie, P®Q = M, then NN P, NN(Q are complementary submodules of V.

5. (a) Suppose H is a subgroup of S,, (n > 2) which contains both an n-cycle and a transposition.
Show that H = .S,,.
(b) Show that the roots of the polynomial P(z) = 2% — 6z + 3 cannot be expressed by radicals.

6. Let K be a field of characteristic 0, and let K (x) be a simple transcendental extension. Let G be
the subgroup of the group of K-automorphisms of K (z) generated by an automorphism that takes
x to z + 1. Show that K is the fixed field of G.



ALGEBRA PRELIM AUGUST 2000

1. Determine the Galois groups of the following polynomials in Q|z]:
(a) z* — 72 + 10.
(b) 23 — 2.
(c) % — 9z + 3.

2. (a) If G is a group of order 53 - 7- 17 show that G has normal subgroups of sizes 5%, 53 - 7, and
53 17.

(b) Show that there is a nonabelian nilpotent group of order 53 -7 - 17. [Hint: To construct a
nonabelian group of order 53, work in Sos to find nonidentity elements a, b such that a is of
order 25, b is of order 5, and b~ tab = a®. A finite group is nilpotent if it is the direct product
of its Sylow subgroups.]

3. Let R be a ring with 1. An element x in R is called nilpotent if £™ = 0 for some positive integer
m.

(a) Show that if n = a*b for some integers a and b then the coset ab is a nilpotent element of
Z/nZ.

(b) If a € Z is an integer, show that the element @ € Z/nZ is nilpotent if and only if every prime
divisor of n is also a divisor of a. In particular, determine the nilpotent elements of Z/367Z
explicitly.

(¢) If R is any commutative ring with 1 and z is a nilpotent element, show that 1+ z is a unit
for R (i.e., is invertible). [Hint: As motivation, think of the sum of the geometric series.]

4. Let R be a ring with 1 and M a left unitary R-module. An element m in M is called a
torsion element if rm = 0 for some nonzero element r € R. The set of torsion elements is denoted
Tor(M)={m e M : rm =0 for some nonzero r € R}.

(a) Prove that if R is an integral domain then Tor(M) is a submodule of M (called the torsion
submodule of M).

(b) Give an example of a ring R and an R-module M such that Tor(M) is not a submodule.
[Hint: Consider letting R be itself a left R-module where R is some ring which is not an
integral domain.]

(c) Show that if R has zero divisors then every nonzero R-module has nonzero torsion elements.

5. Give a representative element of each conjugacy class of the elements of the alternating group As,
and determine the number of elements in its class.

6. (a) Prove that f(z) = x* 4+ 23 4+ 22 4+ x + 1 is irreducible over Zs.
(b) What are the other irreducible quartic polynomials over Zg?
(c) If 0 is one of the roots of f(x), what are the others (expressed as polynomials in 6 of least
possible degree)?
(d) Give a method for finding an element ¢ (expressed as a polynomial in 6) of the splitting field
Z2(0) such that [Za(p) : Za] = 2.
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1. Let G be a finite group, and C' be the center of G.

(a) Show that the index [G : C] is not a prime number.
(b) Give an example where [G : C| = 4.

2. Let G be a finite group that acts transitively on a set S. Recall that G is said to act doubly
transitively if for every pair (a,b), (c,d) there is a g € G such that g(a) = ¢ and g(b) = d.
In (a) and (b) below, assume that G is a finite group that acts transitively on a set S. Let s be in
S, and let
H={geG : g(s)=s}

be its isotropy group. Note then H acts on the complement S — {s}.

(a) Show that G acts doubly transitively on S if and only if H acts transitively on S — {s}.

(b) Suppose there is a subgroup 7" of G of order two, T not contained in H, such that G = HT H.

Show that G acts doubly transitively on S.

3. Let R be a commutative ring with identity. Suppose that for some a,b € R, the ideal Ra + Rb is
principal. Prove that the ideal Ra N Rb is principal.

4. Let S be a commutative ring with identity, R = S[z1,...,x,]. Let I be the ideal of R generated
by the quadratic monomials {z;z; : 1 <4i,j <n}, and ¢ the natural projection

¢:R— R/I

(a) Show that R/I is a free S-module and find its rank.
(b) For f € R define f' € R/I by f' = &(f) — ¢(f(0,...,0)). Show that

(f9)" =o(f)g + o9t
(c) Show that for all positive integers n, () = no(f)"~Lf'.

5. Determine the Galois group (using generators and relations if you would like) over K of % — 3
when:

(a) K=Q.
(b) K =Tq3, the finite field with 11 elements.

6. We call a six degree polynomial symmetric if z5f(1/x) = f(x). Let f be a symmetric six degree
polynomial in Q[z].
(a) Suppose r is a root of f in a splitting field of f. Show that [Q(r + 1/r) : Q] < 3.
(b) Deduce from (a) that the Galois group of f is solvable. [Hint: All groups of order less than
60 are solvable.]
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1. (a) Show that there is no simple nonabelian group of order 76.
(b) Show that there is no simple nonabelian group of order 80.

2. Let p be an odd prime. Show that a group of order 2p is either cyclic, or is isomorphic to the
dihedral group Ds,. (Recall that the dihedral group D), is the group of symmetries of a regular n-gon

in a plane.)

3. Let R=Z[V=3] = {a+by=3 : a,b€ Z}, where /=3 is a root of 2% + 3 in some splitting field.

Let
S=17 [14'2 V_ﬂ

= {a+b<1+2\/73> : a,bEZ}.
(a) Show that S is a Euclidean domain with respect to the norm
J (a—i-b <1+2\/j3>) = a® + ab+ b*.
(b) Show that R is not a Euclidean domain with respect to the norm
§(a+bvV=3) = a* + 3b*.

[Hint: Is R a unique factorization domain?|

4. Let F be a field and let ¢ be transcendental over F'. Recall that if P(¢) and Q(t) are nonzero
relatively prime polynomials in F'[t], which are not both constant, then

[F(t) : F(P(t)/Q(t))] = max{deg P, deg @},

a fact you may use, if needed.
(a) Prove that Aut(F(t)/F) = GLa(F)/{\ : X € F*}, where

GLQ(F):{(CCL Z) :a,b,c,deFandad—b@éo} and 1:(3 2)

(b) Let Fo be the field with two elements. Show that Aut(Fa(t)/Fa) = Ss.
(c¢) Find the subfields of Fo(t) which are the fixed fields of the subgroups of Aut(Fa(t)/Fs).

5. Show that f(z) = 22° — 10z + 5 is not solvable by radicals over the rational numbers.

PLEASE TURN OVER
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6. An ultrafilter on N = {0,1,2,...} is a collection U of subsets of N such that the following
conditions hold:
(i) NeU.
(i) 0 ¢ U.
(iii) fr e Uand e Cy CN, theny € U.
(iv) If z,y € U, then x Ny € U.
(v) Forany t CN, z € U or N—z € U. (N — z is the complement of x in N.)
Suppose that (F; : i € N) is a system of fields, and U is an ultrafilter on N. Consider the full
direct product [[;cy Fi, which is a commutative ring with identity, consisting of all functions a
with domain N, with a; = a(i) € F; for all i, the ring operations being coordinate-wise. Let
I={a€]l,enFi : {ieN : a; =0} €U}
(a) Show that I is a maximal ideal of [,y Fi.
(b) Suppose that for each i € N, every polynomial in F;[z] of positive degree at most i has a root
in F;. Suppose that N — F' € U for every finite subset F' of N. Show that [[,cy F3/1 is an
algebraically closed field.
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1. Let G be a group of order 429 = 3 -11 - 13.

(a) Show that every subgroup of order 13 in G is normal in G. (Use the Sylow theorems.)
(b) Show that every subgroup of order 11 in G is normal in G.
(c) Classify (up to isomorphism) all groups of order 429.

2. Let Q denote the field of rational numbers and let K = Q(v/5, /7).

(a) Find the Galois group of K over Q and show that K is a Galois extension of Q. Express all
of the elements of the Galois group as permutations of the roots of (2 — 5)(z? — 7).

(b) Find all the subfields of K and match them up with the subgroups of the Galois group as is
indicated by the Fundamental Theorem of Galois Theory.

3. Let K = GF(p™) be the finite field with ¢ = p™ elements (p is a rational prime number). Let V'
be an n-dimensional vector space over K. Give explicit formulas for the following numbers:

(a) The number of elements of V.

(b) The number of distinct bases of V. Give it for both ordered and unordered bases.

(c) The order of the general linear group GL,,(K).

(d) Let K = GF(3) be the field with 3 elements. Verify that there are 48 nonsingular 2 x 2

matrices over K. Also show that the only nonsingular 2 x 2 matrix A over K that satisfies

the equation A° = < (2) g > is the matrix ( (2) g > itself.

4. Let V be an n-dimensional vector space over an arbitrary field K and let f : V — V be a linear
transformation. Show that there exists a basis for V' such that the matrix representation for f with
respect to that basis is diagonal if and only if the minimal polynomial for f is a product of distinct
linear factors.

5. Let Z, denote the cyclic group of order n. Let G = Zg1 ® Z30 D Z16 D Z4s.

(a) What is the largest cyclic subgroup of G? Give a generator for this group in terms of the
generators for the cyclic components of G. Please denote the generators for the groups Zgy,
Z30, Z1g, and Z45 by a, b, c and d, respectively.

(b) How many elements of order three does G have?

(c) How many elements of order nine does G have?

6. Recall that a Euclidean domain is an integral domain R together with a natural number valued
function N defined on the nonzero elements of R which has the property that, given a and b in R
with b nonzero, we can find ¢ and r in R such that a = bg + r and either » = 0 or N(r) < N(b).
Now let R = Z[\/=2] = {m +nv—=2 : m,n € Z}, where Z is the ring of rational integers. Let
N(m +nyv/—2) = m? + 2n2.

(a) Show that R is a Euclidean domain.

(b) Decide whether 23 +2y/—2z+4 is irreducible in Q(z), where Q is the field of rational numbers.

= 1 , where Z is the ring of

rational integers and m,n € Z. Show that R is a Euclidean domain. (Your proof should also work
< 1+\/—11) (2m + n)? + 11n?
m+mn 9 1 .

14— 2 2 2
7. LetR:Z[HQﬁ} and let N(m—i—n +2 ! (2m +n)” +7n

if —7 is replaced by —11 and N
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1. Suppose the group G has a nontrivial subgroup H which is contained in every nontrivial subgroup
of GG. Prove that H is contained in the center of G.

2. Let n be an odd positive integer, and denote by S, the group of all permutations of {1,2,3,...,n}.
Suppose that G is a subgroup of S, of 2-power order. Prove that there exists i € {1,2,3,...,n} such
that for all 0 € G one has (i) = 1.

3. Let p be an odd prime and F,, the field of p elements. How many elements of I, have square roots
in IF,” How many have cube roots in F,? Explain your answers.

4. Suppose that W C V are vector spaces over a field with finite dimensions m and n (respectively).
Let T : V — V be a linear transformation with 7'(V') C W. Denote the restriction of 7' to W by
Tw. Identifying T and Ty with matrices, prove that det(I,, — 2T) = det(I,, — Ty ) where z is an
indeterminate and I,,, I,, denote the m x m, n x n identity matrices.

5. Let Q be the field of rational numbers. For 6 a real number, let Fyp = Q(sinf) and Ey = Q(sin g)

Show that Ejp is an extension field of Fp, and determine all possibilities for dimg, Ejy.

6. Let g(x) = 27 — 1 € Q[z], and let K be a splitting field for g(x) over Q.
(a) Show that g(z) = (x — 1)h(z) where h(z) is irreducible in Q[z]. (Hint: Study h(z + 1) by
first writing h(x) = g(z)/(x — 1). Use Eisenstein’s criterion to show h(z + 1) is irreducible.)
(b) Show that G = Gal(K/Q) is cyclic of order 6, and has as a generator the map that takes
w +— w? for any root w of g(x).
(c) Let w be a complex 7" root of 1. Let

x1 =w+w2+w4, ) =w+wb.
Find subgroups Hi, Hs of G such that Q(z1) is the fixed field of H; and Q(z2) is the fixed
field of Hs. Find [Q(z1) : Q] and [Q(z2) : Q.

(d) Show that Q(z1) and Q(z2) are the only fields M with Q € M C Q(w). (Here C denotes
proper containment. )
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1. Suppose p > ¢ are prime numbers and that ¢ does not divide p — 1. Show that every group G of
order pq is cyclic.

2. Let R be a ring with multiplicative identity 1. An element r € R is called nilpotent if " = 0 for
some positive integer n > 0. Let N denote the set of nilpotents in R.
(a) Show that if R is commutative then N is an ideal. Give an example of a noncommutative R
for which N is not an ideal.
(b) An ideal I in a commutative ring is called primary if for every xy € I, either x € I or y™ € I
for some positive integer m. Suppose that R is commutative and that [ is an ideal in R.
Show that [ is primary if and only if every zero divisor in R/I is nilpotent.

3. Consider the set of numbers R = {a +b (Hi {15) tabe Z} C Q(v—15).

(a) Show that R is a ring, and that the automorphism /=15 — —/—15 of Q(1/—15) induces an
automorphism of R.

(b) What is the norm of a + b (@) for integers a, b?

(c) Find all the units in R.

(d) Find all factorizations of 4 into irreducibles in R.

(e) Give an example in R of an irreducible which isn’t prime.

4. Let ¢ be a primitive 12" root of unity.
(a) Find the Galois group of Q(¢) over Q.
(b) Let ®,(x) denote the n* cyclotomic polynomial over Q. What is the degree of ®o4(x) over
Q?

(c) When P9y (x) is factored over Q(¢), how many factors are there, and what are their degrees?

5. Let ¢ be a power of a prime, and r a positive integer. Let F, and F,+ denote, respectively, the
fields with ¢ and ¢" elements. Let G denote the Galois group of g over Fg, and let NV denote the
norm map, N(a) = [[,cqo(a) from Fyr to Fy. Show that

. X X
N:F, —F,
is a surjective homomorphism.
6. Let G be a finite group of order n, and suppose for each prime p dividing n there is a unique

Sylow p-subgroup. Show that G is solvable. (Be sure to carefully state any theorems about solvable
groups that you use.)
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1. Let G be a group, G, the group of left translates az, (a € G) of G (that is, fora € G, ar, : G — G
is defined by ar(g) = ag).
(a) Show that GpAut(G) (that is, the set {zy : = € G,y € Aut(G)}) is a group of transfor-
mations of G. GpAut(G) is called the holomorph of G and is denoted Hol (G).
(b) Show Gr C Hol (G), where Gp is the group of right translates of G.
(c) Show that if G is finite, then |Hol (G)| = |G||Aut(G)|.

2. Let h(z) = 2* + 1 € Q[z], and let L C C be a splitting field for h(x) over Q.

(a) Find the four roots of h(x) in C.

(b) Find an a € L such that L = Q(«).

(c) Describe all elements of G = Gal(L/Q) as permutations of the roots of h(z).

(d) Find all intermediate fields M between L and Q; for each such field M find a subgroup H of
G such that M is the fixed field of H and H = Gal(L/M). Which of the extensions M are

normal over Q7

3. Let R be a ring with identity and M an R-module.
(a) Show that, if m € M, then {z € R : zm = 0} is a left ideal of R.
(b) Let A be a left ideal of R, and m € M. Show that {xm : x € A} is a submodule of M.
(c) Suppose that M is irreducible, which means that M has no submodules other than (0) and
M. Let mg € M, my # 0. Show that A ={x € R : xmg = 0} is a maximal left ideal in R.

4. Let g(z) = 2P —x — a € Z/pZ[zx], where p € Z is a prime, and a a nonzero element of Z/pZ.

(a) Show that g(z) has no repeated roots in a splitting field extension.

(b) Show that g(z) has no roots in Z/pZ.
(c¢) Show that, if ¢ is a root of g(x) in a splitting field extension, then so is ¢+ for any i € Z/pZ.

Conclude that {c+ i : i € Z/pZ} is a complete set of roots of g(x).

(d) Show that g(z) is irreducible in Z/pZx].

(e) Consturct a splitting field extension L for g(x) over Z/pZ.

(f) Find the Galois group Gal(L/(Z/pZ)). Describe this group as a group of permutations of
the roots of g(x).

5. Let N be a positive integer, and let Ly denote the set of functions f : Z — C such that
f(t) = f(t+ N) for all t € Z. Define the convolution f * g of functions f,g € Ly by

f*g(t)=% S ft-yey)  (te).

0<y<N-1
(a) Show that, under the usual addition of functions and the above convolution of functions, Ly

is a commutative ring, which identity §y given by

N if Nz
) = ’
N (@) {0 if not.

You may assume (that is, you needn’t prove) that Ly is an abelian group under addition.

PLEASE TURN OVER
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5. (b) Suppose M|N for some positive integer M, and define

M if M|x
1) = ’
(@) {0 if not.

Show that dp; is an idempotent element of Ly: that is, dps * dpr = O

(¢) Let M, N be as above, and let f,g € Ly, so that also f,g € Ly. Suppose, for clarity, we
denote the convolution in Lj; by *’. Show that f x g = f %’ g, where * again denotes the
convolution in L.

(d) Show that, for M and N as above, the map f — f % dp is a ring homomorphism of
(Ln,+,%,0,0n) onto (Las,+,%,0,0n).

6. Let H and K be subgroups of a group G.
(a) Show that the set of maps {z — hak : h € H,k € K} is a group of transformations of the
group G.
(b) Let HxK denote the orbit of x relative to the above group of transformations of G. Show
that if G is finite then |Hox K| = |H|[K : v 'Hx N K] = |K|[H : z 'Kz N H].
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1. Let G be a group of order 3 x 11 x 17 = 561. Let H be a group of order 11 x 17 = 187.

(a) Prove that H is abelian and cyclic. [Hint: Use Sylow theorems.]

(b) Prove that the Sylow 11- and Sylow 17-subgroups of G are both normal in G.

(¢) Is G necessarily abelian? If “yes,” prove it; if “no,” give an example of a nonabelian group
of order 561. Are all abelian groups of order 561 cyclic?

2. Let Z, denote the cyclic group of order n. Let G = Zg ® Zor @ Zos @ Zs @ Zss; let Zg = (a);
Zo7r = (b); Zas = (c); Zs = (d); Zss = (e);, i.e., a, b, c,d, e are generators for the summands of G.
(a) What is the largest cyclic subgroup of G? Give a generator of that subgroup in terms of
a,b,c,d,e. You do not need to justify your answer.
(b) How many elements of order 5 does G have? Justify your answer.
(¢) How many elements of order 25 does G have? Justify your answer.

3. (a) Let F be a field and F[z] the ring of polynomials in one indeterminate over F. Note that
F[z] is an integral domain.

(i) Is F[z]| a Euclidean domain?

(i)

i)

)

(iii
(iv) Are all its nonzero prime ideals maximal?

Is F[x] a principal ideal domain?
Is F[z] a unique factorization domain?

(Explain your answers. You may quote relevant theorems. In some cases, counterexam-
ples may be appropriate.)
(b) Answer the same questions ((i)-(iv)) for the integral domain F[z,y], the ring of polynomials
in two indeterminates over F'. Again, explain your answers.

4. Let R be a commutative ring. An R-module M is said to be cyclic if it is generated by one of its
elements.

(a) Show that every nonzero cyclic R-module M is isomorphic to R/.J, where J is an ideal of R.
(b) Show that if R is a principal ideal domain, then every submodule of a cyclic R-module is
again cyclic.

5. Let p be a prime number. Let I}, denote the field Z/pZ.

(a) Suppose that K is an extension of F, of degree n. Show that K is the splitting field for
f(z) =2P" — .

(b) Prove that the Galois group of K (in part (a)) over I, is cyclic.

(c) Let F,m denote a field with p" elements. Show that F,= contains a subfield F,» of p™ elements
if and only if n divides m.

6. (a) Suppose that a and b are complex numbers and that K is a subfield of the complex numbers
such that [K(a) : K| =2 and [K(b) : K] = 3. Suppose that K (b) is a normal extension of K.
Prove that K(a,b) is a normal extension of K and that K(a 4+ b) = K(a,b).

(b) Suppose that K and b are as in (a), except that K (b) is not a normal extension of K (but
still [K'(b) : K| = 3). Let L be an extension of K (b) which is a splitting field for the minimal
polynomial of b over K. Show that there exists an element a in L such that [K(a) : K| = 2.
Show that L = K(a,b). Let b’ be another zero of the minimal polynomial for b over K. Show
that K(b+b') # L, but that K(b—1V') = L.
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1. Let G be a finite group. A character on G is a homomorphism x : G — C* taking its values in
the multiplicative group of the complex numbers. Let G denote the set of all characters on G. Show:

(a) If x1 and x2 are in @, then the definition x1x2(9) = x1(9)x2(g) for all g in G makes G into
a group.

(b) If x and g are in G and G, respectively, then x(g) is a root of unity.

(c) For any = in G, G/ker(y) is cyclic.

(d) If y is in G, then > x(g), where the sum is taken over the elements of G, is either n = [G : 1]
or 0 depending on whether y is the identity element of G or not.

2. Let p be a rational prime and let k be a field with ¢ = p" elements. Let Ms(k) denote the
ring of 2 X 2 matrices over k, and GLy(k) the subset of My(k) consisting of matrices with nonzero
determinant.

(a) Show GLy(k) is a group under matrix multiplication.
(b) Show that order of GLo(k) is r = (¢*> — ¢)(¢* — 1).
(¢) Show that for any matrix A € My(k),

A2 = A2,
[Hint: Part (c) can be done using part (b) or by using the Theory of Canonical Forms.]

n

3. A field K is called formally real if the conditions z; € K and Y 22 = 0 for some n > 0 imply
i=1

that each x; vanishes. It is called real, closed if it is formally real and no proper algebraic extension

is formally real.

(a) Show that K is formally real if and only if —1 cannot be expressed as a sum of squares in K.

(b) Show that if K is real, closed then every sum of squares in K is a square in K.

(c) Let K be real, closed and let P = {all nonzero finite sums of squares in K'}. Show that P
satisfies the following properties: (i) If a and b are in P, then so are ab and a + b. (ii) For
any a in K, exactly one of the following holds: a =0, a is in P or —a is in P.

4. Let wy and wy be a pair of complex numbers which are linearly independent over the reals. Let
L = Zwy @ Zws be the (necessarily free) abelian group generated by these complex numbers. Clearly
nL C L for any integer n. Let R = {z € C : zL < L} and suppose R contains a non-integer z.
Show:

(a) T = wj/wy generates a quadratic extension of the rational numbers.

(b) If the minimal polynomial for 7 is of the form 72

R =7Z]].

— r7 — s for suitable integers r and s, then

PLEASE TURN OVER
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5. Let w be a primitive 10** root of unity in C.
(a) Find the Galois group of Q(w) over Q (where Q is the field of rational numbers).
(b) Let ®,, denote the n'" cyclotomic polynomial over Q. What is the degree of ®5y over Q?
(c) Using the notation of parts (a) and (b), determine how many factors there are and what their
degrees are when ®9 is factored into irreducible factors over Q(w).

6. Let Cy be the set of Sylow 2-subgroups of the symmetric group S5, and let C3 be the set of Sylow
3-subgroups.
(a) What are the cardinalities of Cy and C3?
(b) Let G2 € Cy and G3 € C3. Describe Go and G3 in terms of a faithful action on a set of 5
symbols. (In the case of the Sylow 2-groups, look at the symmetries of a labelled square.)
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1. Let G be a simple group of order 60. Determine how many elements of order 3 G must have. (Do
not assume that you already know that G ~ Aj).

2. Let the vertices of a regular n-sided polygon (n > 3) be labelled consecutively from 1 to n, i.e.,
with vertices 4,4+ 1 endpoints of one side of the polygon. The only symmetries are rotations ¢; € S,
( =1,...,n) where ¢;(i) = j + i and reflections ¢; € S,, (j = 1,...,n) where 9;(i) = j —i. (The
addition and subtraction in these definitions are modulo n.) Let I be the subgroup of S,, generated
by @j 15 (=1,...,n).
(a) Show that {¢1,v1} generate I'.
(b) Show that I is dihedral, i.e., isomorphic to D, the group generated by a,b subject to the
relations a” = b = e, bab~! = a1
(c) (i) For which n are all ¢;’s and 1;’s even permutations of {1,...,n}? (ii) For which n are
all ;’s even permutations and all 1;’s odd ones? (iii) For the remaining n, which ¢;’s and
j’s are even?

3. Consider the polynomial ring R = Z[z]. Consider the ideals
I=(x), J=(51), K=Q2z,2%+1).

Which of these are prime ideals? Which are maximal ideals? Give explanations!

4. Let R be a principal ideal domain and M an R-module that is annihilated by the nonzero proper
ideal (a). Let a = p{*'---pp* be the (unique) factorization of a into distinct prime powers in R.
Let M; = {m € M : p"m = 0}. Show that M; + --- + M}, is in fact a direct sum and that
M=M®®&: - & M.

5. Let K1, K9, K3, K4 denote splitting fields for 23 — 2 over Q, (23 —2)(2% +3) over Q, 27 — 1 over Q
and 2% — z over Zsy, respectively. Consider the Galois groups Gal(K1/Q), Gal(K2/Q), Gal(K3/Q)
and Gal(Ky/Zs).

(a) Which of these groups are isomorphic?

(b) If ¢ is a primitive 9" root of unity (over Q), find an element a ¢ Q expressed as a polynomial
in ¢ such that the field Q(«) # K.

6. (a) Let f(z) = az® + bx? + cx + d € Z[z] be of degree 3 and irreducible over Q. In its splitting
field K, f(z) = a(z — an)(z — a2)(z — a3). Show that [K : Q] = 3 or [K : Q] = 6 when
(a1 — ag)(ag — a3) (a3 — a1) does or does not lie in Q, respectively.
(b) Determine the degree [L : F3] where F3 is the field with 3 elements and L is the splitting field
(over F3) of 2% — 2 + 1.
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1. Let G be a group. If U and V are subgroups of G, we let U V V' denote the smallest subgroup of
G containing U NV
(a) Suppose that H, K, and L are normal subgroups of G. Show: If H C L, then HV (KNL) =
(HVEK)NL.
(b) Give an example showing that part (a) does not work for arbitrary subgroups (i.e., if the
subgroups are not assumed to be normal). [Hint: Look at subgroups of Ay.]

2. (a) Let G be a group, Z its center. Prove that if the factor group G/Z is cyclic, then G is abelian.
(b) Let p be a prime and let P be a nonabelian group of order p?. Prove that the center Z of

P is a cyclic group of order p, and the factor group P/Z is the direct product of two cyclic
groups of order p. [Note: You may use without proof standard results about finite p-groups.|

3. Let R be a ring with unit element 1. Using its elements we define a ring R’ by defining
cdd=c+d+1 and
cxd = cd+ c+d for all elements ¢, d in R (where the addition and multiplication of the right
hand side of these relations are those of R).

a) Prove that R’ is a ring under the operations @ and .

(

(b
(c
(d

Which element is the zero element of R'?
Which element is the unit element of R'?
Prove that R is isomorphic to R'.

— — —

4. Let A be a commutative ring satisfying the ascending chain condition for ideals. Let ¢ : A — A
be a ring homomorphism of A onto itself. Prove that ¢ is an automorphism. [Hint: Consider the
powers ¢".]

5. (a) Let K be the splitting field of #* — 2 over the field of rationals Q. Find two subfields F; and
E, of K such that [K : F1] = [K : E5] = 2 but E; and Es are not isomorphic.
(b) Let K be the splitting field of 27 — 323 — 622 4+ 3 over Q and let F; and E5 be any subfields
of K such that [K : Ey| = [K : E3] = 7. Prove that E; and Fs are isomorphic.
[Hint: Use the Fundamental Theorem of Galois Theory.]

6. (a) Determine the splitting field K of the polynomial 2'2 — 1 over the field of rational numbers
Q. Give generators for K over Q and find the degree [K : Q.
(b) Prove that for all positive integers n, cos(27/n) is an algebraic number.
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DO ALL THREE QUESTIONS IN PART A. DO ANY THREE OF THE FOUR QUESTIONS IN PART B.

PART A

1. Let A be an associative ring with identity 1. Suppose that 1 = e; + --- + e, where e; is in
A and e;je; = 6;; for all ¢ and j. (d;; equals 1 or 0 depending upon whether ¢ = j or not.) Let
A; = Ae; = {all ae; where a is in A}. Prove:

(a) A; is a left ideal of A for each 1.
(b) If a is any member of A then a is uniquely expressible in the form a = ) a; where a; € A4;.

2. Let f(z) = 2* + 2 + 1 be a polynomial over F = GF(2), the field with two members.

(a) Show that f(z) is irreducible in Fx].
(b) Let K be the splitting field of f(z) over F. How many members does K have?
(¢) Describe an automorphism of K over F having the maximum possible order in the Galois

group of K over F.
(d) Find a subfield of K distinct from F and K. List its elements as polynomials in « over F

where a is a root of f(z) in K.

3. Let G be a group of order 7-13 = 91 and let H be a group of order 5-7-13 = 455.

(a) Prove that G is abelian. [Hint: Use the Sylow theorems.]
(b) Prove that the Sylow 7- and Sylow 13-subgroups of H are both normal in H.
(c) Is H abelian? If “yes,” prove it. If “no,” give an example of a nonabelian group of order 455.

PLEASE TURN OVER
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PART B

1. Let V be the set of all rational numbers expressible in the form a/b where a and b are integers

and b is odd. Show:

(a) V is a subring of the rational numbers.

(b) The field of quotients of V' is the field of rational numbers.

(c) Exhibit all the units of V.

(d) Exhibit all the ideals of V' and determine which are prime ideals and which are maximal
ideals.

(e) Prove V/M, where M is a maximal ideal of V, is isomorphic to Z,(= Z/nZ) for some n.
Which n?

2. Let Q be the field of rational numbers. An absolute value on Q is a real-valued function |a| having
the following properties:

(1) |a|] > 0 and |a| = 0 if and only if a = 0.

(2) |ab] = |al[b].

(3) la+ 0] < |af + |b].
Suppose that |n| < 1 for all natural numbers n. Show:

(a) |a+ b] <max{|al,|b|} for all a and b.
(b) Either |a| = 1 for all nonzero a or there is a prime number p such that, if a = p"m/n, with
m and n relatively prime to p and to each other while r is an integer, then |a| = |p|".

3. Recall that an ordered field is a field K together with a distinguished subset P (the “positive”
elements) with the properties:

(1) For all a in K exactly one of the following holds: a is in P, —a is in P, or a = 0.

(2) If a and b are in P, then so are a + b and ab.
Show:

(a) Any ordered field has characteristic zero.

(b) The rational numbers can be ordered in exactly one way.

(¢) Any subfield of an ordered field can be ordered by an order induced by the larger field.

4. Describe, up to isomorphism, all groups of order 27. Describe the two nonabelian groups in terms
of generators and defining relations.
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1. Prove that every group of order 1645 =5 -7 - 47 is abelian and cyclic.

2. Let B = {v1,...,un} be a basis over Q for the m-dimensional vector space V. Using B, we
identify the vectors in V' with m x 1 column vectors over Q:
aq
V=1V + -+ O Um — vg =
Qm,
Let A be a symmetric m x m rational matrix. Then with respect to the basis B, A defines a
“symmetric bilinear form” (-,-) from V x V to Q by

(u,v) ='ugAvg for all u,v € V.

(Here 'up denotes the transpose of the matrix ug). Note that (u,v) = (v,u). For a subspace W of
V, let W denote the subspace of V given by

Wt={veV : (v,w)=0 forallwe W}

(a) Show that V = V1L @ W for some subspace W which satisfies W+ NW = {0}.

(b) Suppose W is a subspace of V such that W+ N W = {0}. Show that there is some x € W
such that (x,x) # 0. [Hint: Argue that for w € W, we can find some w’ € W such that
(w,w") # 0; now expand (w + w', w + w’).]

(c) Suppose still that W is a subspace of V such that W+ N W = {0}. Let z € W satisfy
(x,z) # 0. Show that W = Qx & W' where (z,w’) =0 for all w’ € W'.

(d) FACT: Induction on 7 = dim W and (c) may be used to show that V = V1 ©Qz1 @ - - & Qu,,
where (x;,z;) # 0 and (x;,z;) = 0 whenever i # j. Use this fact to show that for some
nonsingular matrix S, t!SAS = D where D is a diagonal matrix of rank r = dim W.

3. Let G be a finite group of permutations of order N acting on s symbols. Let Gp denote the
subgroup of G consisting of all elements fixing a given letter P.

(a) Let m be the number of elements in the transitivity class (orbit) containing P. Show that
|Gp|lm = N where |G p| denotes the order of the subgroup Gp.
(b) Suppose that P and @ are in the same transitivity class. Show that Gp and G¢ are isomorphic
groups.
(¢) Let o(g) stand for the number of symbols left fixed by an element g in the group and let ¢
be the number of transitivity classes under G. Show that
Z o(g) =tN.
geG
(d) Let G be the symmetry group of the rectangle shown below whose vertices are labelled 1, 2,
3, 4 and the midpoints of whose sides are labelled 5, 6, 7, 8. G is a Klein 4-group. Use its

realization as a permutation group on the 8 points {1,2,...,8} to illustrate the theorem in
part (c).

1 5 2

(] [ ] [

8 6

[ ] [ ]

L] [ ] [ d

4 7 3

PLEASE TURN OVER
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4. Consider the ring Z[v/=3] = {a + bv/=3 : a,b € Z}. In answering the following questions, you
may want to use the “norm”: N(a + by/—3) = a? + 3b%.
(a) What are the units in Z[/—3]?
(b) Find all factorizations into irreducible elements of the number 4 in this ring, showing that
Z[\/=3] is not a Unique Factorization Domain. Is it a Euclidean domain? Explain.
(c) Test 5 and 7 to see if they are irreducible in Z[/—3].
(d) Give an example of an element of Z[y/—3] which is irreducible but not prime.

5. Let g(x) = 27 — 1 € Q[z], and let K be a splitting field for g(x) over Q.
(a) Show that g(x) = (z — 1)h(x) where h(z) is irreducible in Q[z]. [Hint: Study h(z + 1) by
first writing h(x) = g(z)/(x — 1). Use Eisenstein’s criterion to show h(z + 1) is irreducible.]
(b) Show that G' = Gal(K/Q) is cyclic of order 6, and has as generator the map that takes r — 73
for any root r of g(x).
(c) Let w be a complex 7% root of 1. Let

x1:w+w2+w4, :1:2:w+w6.
Find subgroups Hj, Hs of G such that Q(x) is the fixed field of H; and Q(z3) is the fixed
field of Hs. Find [Q(z1) : Q] and [Q(z2) : Q).

(d) Show that, besides Q, Q(w), Q(z1) and Q(x2), there are no fields M with Q ¢ M C Q(w).
(Here C denotes proper containment.)

6. Let h(x) = 2% + 1 € Q[z], and let L be a splitting field for h(z) over Q.

(a) Show that the four complex numbers :l:@(l + i) are the four roots of h(x) in C.

(a) Find an « € L such that L = Q(«).

(c) Describe all elements of G = Gal(L/Q) as permutations of the roots of h(z).

(d) Find all intermediate fields M between L and Q; for each such field M find a subgroup H of
G such that M is the fixed field of H and H = Gal(L/M). Which of the extensions M are
normal over Q7
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1. Recall that a finite group G is called solvable if there is a sequence of groups
G=Gy2G12---2G, =1
such that for ¢ = 1,...,n, G; is normal in G;_1 and G;_1/G; is abelian.
(a) Let p be a prime number, and a a positive integer. Show that any group of order p® is
solvable.

(b) Let p and g be 2 distinct prime numbers, and a and b be any 2 positive integers. Show that
any group of order p%q® is solvable.

2. Let R3 denote the 3-fold Cartesian product of the real numbers with itself. We will consider all

its elements as column vectors.

(a) Recall that the standard inner product of 2 vectors v and w in R3 is given by v - w = tvw,

where ¢ denotes the transpose. Prove that if w; and wy are vectors in R?, and for all v in
R3, v - wy = v - wo, then wy = wo.
(b) Let E denote the symmetric matrix

10 0
01 o],
00 —1

and define ¢(-,-) to be the symmetric bilinear form on R? given by
dp(v,w)=v-Ew=w-Ev

(where the second equality follows from the symmetry of F).
Prove that for an arbitrary 3 x 3 matrix A, the following conditions are equivalent:
(i) ¢(Av, Aw) = ¢(v,w) for all v, w € R3.
(ii) det A = £1, and A satisfies: If ¢(v,v) = 0, then ¢(Av, Av) = 0.
(iii) The columns ¢; of A satisfy: ¢(c1,c1) = ¢(c, c2) = —¢p(c3,¢3) =1 and ¢(c;, ¢;) = 0 for
i j.
(iv) tAEA = E.
(c) Let us call a matrix A hyperbolic if it satisfies any (hence all) of the conditions in part (b).
Prove that the hyperbolic 3 x 3 real matrices form a group.

3. Recall that a regular dodecahedron is a convex polygon whose faces comprise twelve regular
pentagons, symmetrically arranged. In this problem, we will let G stand for the group of orientation-
preserving rigid motions of the regular dodecahedron. In a coordinate system centered at the center
of the dodecahedron, each element of GG is a rotation centered at the origin. In particular, elementary
geometric considerations show that G consists of elements of 4 types: (i) The identity; (ii) A two-fold
rotation that fixes the midpoints of 2 antipodal edges; (iii) A three-fold rotation about each of its
twenty vertices; and (iv) Five-fold rotations that cyclically permute each of its twelve pentagons.

PLEASE TURN OVER
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To make this clearer, below is the Schlegel diagram of the dodecahedron (a combinatorially correct,
but metrically inaccurate, representation).

Note that the vertices of the Schlegel diagram have been numbered from 1 to 5. You may assume the
slightly-painful-to-verify fact that every element of G permutes the labels in the Schlegel diagram
above in a consistent manner. That is to say, if vertices A and B have the same label, and if g € G,
then g(A) and g(B) also have the same labels. In other words, G acts on the set of labels. The
purpose of this exercise is to show that G is isomorphic to the alternating group As on five letters.

(a) Make a table showing the number of elements in G of order 1, of order 2, of order 3, and 5.
(b) Do the same thing for As.
(c) Prove that G is isomorphic to As.

4. Let A be a commutative ring. An element a € A is called nilpotent if a™ = 0 for some positive
integer n. Let
N ={a€ A : ais nilpotent}.
(a) Show that N is an ideal.
(b) Let p be a prime ideal in A. Show that N C p.
(c) Show that A/N contains no nonzero nilpotent elements.

PLEASE TURN OVER
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5. Let R be aring. Recall that a sequence of R-modules A, B, and C' with R-module homomorphisms
fand g

A —f> B-2-C
is called ezxact if the image of f is equal to the kernel of g. Also recall that a diagram of R-modules
A, B, C, and D, with R-module homomorphisms f, g, h, and ¢

A—B

is called commutative if go f =10 h.

Consider the following diagram of modules and homomorphisms, where each square is commutative,
and each sequence in the top and bottom rows is exact:
a1

92 g3

Al AQ A3 A4
fi f2 f3 fa
By i By e B3 ks By

Prove that if f; is surjective, and fo and f; are injective, then f3 is injective.

6. Let K =T, be the finite field with ¢ elements, and let K (z) denote the field of rational functions
over K in the variable z. Let G = GL2(K) denote the group of 2 x 2 invertible matrices with entries

in K. If g= Z is in G, then we associate to g an automorphism ¢(g) of K (z) which leaves
K pointwise fixed, and
axr+b
Bo)w) =

You may assume the well-known fact that the map ¢ from G into the group of automorphisms of
K (z) is a homomorphism.

(a) Show that the order of G is ¢* — ¢ — ¢* + ¢.

(b) Let H = ¢(G). Show that the order of H is ¢3 — q.
) (xq2 — .T)
)

(c) Use field theory to show that f = 7 ) is relatively prime to 29 — x.
xd —x

(d) Prove that the fixed field of H is the field K (y), where
(27" — g)at! fatl

- (;pq — m)q2+1 B (xq — 1‘)‘12_‘1'

[Hint: Use the fact that G is generated by the set of matrices of the form

a 0 1 a d01
o1)'\o 1) 10 )

as a varies over all nonzero elements of K|
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DO ANY 5 OF THE FOLLOWING 7 PROBLEMS

1. Let C denote the unit circle, 22 + y?> = 1, in the real plane. Let E be the point (1,0) =
(cos(0),sin(0)) on C and let A = (cos(a),sin(a)) and B = (cos(3),sin()) be an arbitrary pair of
points on C. Define a binary operation on C as follows: Ax B = U is the second point of intersection
on C and the straight line through E parallel to the straight line through A and B. (When A = B,
the line through A and B is the line tangent to C at A.)

Prove: This operation induces the structure of an abelian group on C with E as the identity element.

[Hint: All of the group laws except for associativity are easy to verify. In order to show associativity
you must show that C' is isomorphic to the circle group R/277Z and, thus, note that associativity of
the binary operation is inherited]

2. Using the result of Problem 1, show that if C is the ellipse 322 + 5y? = 1 in the real plane then
the geometric operation described above makes C into an abelian group. Specifically, let O be an
arbitrary point on C - this will be the identity element of the group. If A and B are two points on
C, then A 4 B is the second point of intersection of the line through O that is parallel to the line
through A and B.

3. Let R be an associative ring with identity element such that a® = a for all a in R. Show that R

is necessarily commutative and that a = —a for all a.

4. (a) Give an example of a homomorphism of rings f : R — S with multiplicative identities 1r
and 1g such that f(1g) does not equal 1g.
(b) If f: R — S is an epimorphism of rings with identity, show that f(1g) = 1g.
(c) Now assume only that f : R — S is a homomorphism of rings both of which have multi-
plicative identities and that there is a unit v of R such that f(u) is a unit in S. Prove that

f(1g) = 1g and that f(u™1) = f(u)~'.

5. Let G be a group of order 10,000 having a normal subgroup K of order 100. Show that G has a

normal subgroup of order 2500.

6. Let p(x) = 2™ — 1 and suppose that p(x) splits in the field K. Let G be the set of all roots of p(x)
in K.
(a) Show that any finite subgroup of K* (the multiplicative group of K) is cyclic.

(b) Show that G is a cyclic group under multiplication.
(c) What is the order of G?

Note: Characteristic 0 and p must be handled separately.

7. Using the fact (obtained in Problem 6) that G is cyclic:

(a) Show that the field Q(G) is an abelian extension of the field Q of rational numbers.
(b) Show that the Galois group of Q(G) over Q in the case of p(z) = 2% — 1 is the Klein 4-group.

Note: Q(G) is the field extension of Q obtained by adjoining the elements of G.
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DO 6 OF THE FOLLOWING 7 PROBLEMS

1. Let G be a group and Aut(G) the group of automorphisms of G. Let C be a characteristic
subgroup of G, i.e., C is a subgroup of G such that a(C) = C for all @ € Aut(G). Now let

B ={p€ Aut(G) : fB(c) =cforall ce C}.

(a) Show that B is a normal subgroup of Aut(G).
(b) Suppose that p is a prime integer and G is a group such that G ~ Z/pZ x Z/pZ. Show that

Aut(G) ~ GLy(Z/pZ) = {invertible 2 x 2 matrices with entries from Z/pZ}.

2. Prove that every group of order 45 is abelian.

3. Let G ={ay,...,a,} be a finite abelian group of order n and with identity e.

(a) Prove that ([]7, a;)® = e.
(b) Prove that if G has no elements of order 2 or if G has more than one element of order 2 then

n
H a; = €.
i=1

[Hint: Consider the subgroup {z € G : z? = e}.]
(¢) Prove that if G has exactly one element z of order 2, then

n
H a; = XT.
=1

(d) Prove Wilson’s Theorem, which states that if p is a prime integer then

(p—1)!'=-1 mod p.

4. (a) Let Z[x] be the ring of polynomials in the indeterminate x with integer coefficients. Find an

ideal in Z[z] which is not principal. Justify your result.
(b) Find a nonzero prime ideal in Z[z] which is not maximal. Justify your result.
(c¢) Let R be a principal ideal domain. Prove that a proper nonzero ideal in R is a maximal ideal

if and only if it is prime.

5. Let F = Z/pZ where p is a prime; take a € F, a # 0, and let « be an indeterminate.

(a) Show that if «v is a root of 2P — z — a then so is a + 1.
(b) Show that 2P — z — a is irreducible in F[z].
(c¢) Let K be a splitting field over F for 27 — x — a. Compute the Galois group of K over F.

PLEASE TURN OVER
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6. Let [F be a finite field with ¢ elements and characteristic p > 2.

(a) Show that exactly half the nonzero elments of F are squares in F. [Hint: Consider the
mapping a +— a?.]

(b) Show that for a € F* = {z € F : x # 0}, we have a = b? for some b € F if and only if a is
the root of the polynomial X 5

(c) Show that —1 is a square in the field Z/pZ if and only if p =1 mod 4. (Recall that p € Z
is an odd prime.)

7. Assumptions: Let V be a vector space over a field F' and W a subspace of V; suppose that
dimpV =n < oo and dimp W = m < n (where dimp V' denotes the dimension of V' as a vector
space over F'). Thus each element o € F' acts on V; notice that this action is a linear transformation
on V. Let R be a commutative ring of linear transformations on V' such that (i) F' C R, and (ii) for
T e R wehave T(W) CW. Let S={T' € R : T(V) C W}. Note that S is an ideal of R.
Prove:
(a) Show that oo — a + S gives an embedding of the field F into the ring R/S; using the fact
that a ring containing a field is a vector space over that field, show that R/S is a vector
space over F.
(b) Show that V/W is a module over R/S.
(c) Suppose S is a maximal ideal of R. Show that

dimp R/S - dimg s V/W = dimp V/W.
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ANSWER 2 OF THE QUESTIONS OF PART I AND 4 OF THE QUESTIONS OF PART II
PART 1

1. Show that the center of a nonabelian group of order p? has order p.

2. Let G be the infinite dihedral group = (v,t) with generators v and ¢ where ¢ has infinite order,
v is of order two, and vt = t~1v. Let H be a subgroup of index 2 in G and let T = (t?), a normal
subgroup.

(a) Show that T'C H. (You may use the fact that H must be normal because it has index 2.)

(b) Describe the quotient group G/T.

(c) List the subgroups of index 2 in G/T.

(d) Use an appropriate correspondence theorem to find all subgroups of index 2 in G (note any

subgroup may be described by listing its generators).

3. Inside the symmetric group Sy, let
H={e, (12)(34),(13)(24),(14)(23)},
where e is the identity.

(a) Show that H is a normal subgroup of Sy, and that A4/H is cyclic.
(b) Show that H is its own centralizer in Sy.
(c) By considering the homomorphism

¢:8S; — Aut(H) defined by ¢(s) = {h — shs™'},

show that g
ﬁ ~ Aut(H) ~ Ss.

PLEASE TURN OVER
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PART 11

4. Let Zo denote the field with two elements.
(a) If f is an irreducible polynomial of degree 17 over Zy, how many elements are there in the
splitting field of f?
(b) How many irreducible polynomials of degree 17 are there over Zsy?

5. Let R = Z[z,y].

(a) Prove or disprove: The ideal I = (x,y) is a prime ideal in R.
(b) Find all maximal ideals in R which contain I.

2

(¢) Prove or disprove: The ideal J = (y? — 23) is a prime ideal in R.

6. (a) Let ¢ : V. — V be a linear transformation of a vector space V over a field K. Let E be
a collection of eigenvectors of ¢ whose eigenvalues are distinct. Prove that E is a linearly
independent set.

(b) Suppose that ¢ : V' — V is a linear transformation of a vector space V where dimV = n.
Suppose that ¢ has n distinct eigenvalues. Prove that there is a basis B of V such that the
matrix representation of ¢ with respect to B is a diagonal matrix.

7. Let f(x) = 2° — 5 be a polynomial defined over the rational field Q. Let E be the splitting field
of f.

(a) Find the degree of E over Q.

(b) Give the structure of the Galois group of E over QQ presenting generators and relations.

8. Let F be a field. Let V be the subgroup of the multiplicative group of the reals given by
V={2": neZ}.
F is called isosceles if there exists a surjective map f: F' — V U {0} with the following properties:
(i) f(0) =0 and f(a) > 0if a # 0.
(ii) f(apB) = f(a)f(PB) for all a, 3 € F.
(iii) f(a+B3) < max{f(a), f(B)}.

(a) Suppose F' is an isosceles field. Let R = {a € F : f(a) < 1}. Show that R is a ring with
identity.

(b) Let P={a € F : f(a)<1}. Prove that P is a prime ideal of R.

(¢) Show that P is a principal ideal.
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DO TWO OF THE FIRST THREE PROBLEMS AND FOUR OF THE LAST FIVE

1. Let H be a proper subgroup of a finite group G. Show that G is not the union of all the conjugates
of H. [Hint: How many conjugates does H have?]

2. Classify (up to isomorphism) all groups of order 286 = 2 x 11 x 13.

3. If Gis a group, and z € G, then the inner automorphism of G determined by z is the automorphism
az : G — G, ay(g) = 27 1gx for g € G. If an automorphism is not an inner automorphism, then it
is called an outer automorphism.

(a) Does the set of all inner automorphisms of G form a group? Justify your answer, i.e., either

prove the set is a group, or give a counterexample.
(b) Does the set of all outer automorphisms along with the identity automorphism form a group?

Justify your answer.
(c) Show that every finite abelian group, with the exception of one abelian group, has an outer

automorphism. What is the exceptional abelian group?

4. Let R be a commutative ring with unity. We call an element e € R an idempotent if e = e.
Suppose M is an R-module, and e is an idempotent of R. Set

My ={em : me M}, My={(1—e)m : me M}.

(a) Show that M; and My are submodules of M.
(b) Show that M = My & Ms.

5. (a) Give an example of a non-principal ideal I in a Noetherian integral domain A.
(b) Give an example of a not finitely generated ideal I in an integral domain A.
(¢) Give an example of a Unique Factorization Domain which is not a Principal Ideal Domain.

PLEASE TURN OVER
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6. Let f(x) = z* + az® + b be an irreducible polynomial over Q, with roots «, +3 and splitting
field K. Show that Gal(K/Q) is isomorphic to a subgroup of the dihedral group Dy (this is the
noncommutative group of order 8 which is not isomorphic to the quaternion group) and therefore is
isomorphic to Z/4Z, or /27 x 7./27Z, or Dy.

7. Let p be an odd prime, and let ¢ = e2™/P. Recall that the map
ar (oq:¢— (")

gives an isomorphism between (Z/pZ)* and the Galois group of Q(¢) over Q.

Recall also that (Z/pZ)* is a cyclic group, so has a unique subgroup S of index 2 consisting of the
elements which are squares. Let x be the composite homomorphism

(Z/pZ)* —— (Z/pZ)*|S ~ {£1}

\,/

X
In other words,

) = 1 if ¢ is a square in (Z/pZ)*
XM=Y 21 iftisnot a square in (Z/pZ)*.
Let g= Y x(t)¢.
te(Z/pL)*
(a) Show that o,(g) = x(a)~tg = x(a)g, for any a € (Z/pZ)*.
(b) Show that g € Q, but g ¢ Q.
(c) Show that Q(g) is the unique degree 2 extension of Q contained in Q(().

8. Let p1,p2,...,ps be distinct primes. Show that Q(y/p1, /P2, - -, /Pn) is of degree 2".
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1. Let k be an arbitrary field and let k(z) be the field of rational functions in one variable over k.

Let ai,...,a, be distinct elements of k. Let eq,...,e, be natural numbers (i.e., e; > 0). Let L be
the set of all elements R(z) = f(2)/g(z) of k(z) satisfying (i) ged(f,g) = 1, (ii) the roots of g(z) in
the algebraic closure of k are among the points a1, ..., a, and have multiplicities at most e, ..., ey,

respectively, and (iii) deg f(z) < degg(z).
(a) Show L is a vector space over k.
(b) Find an explicit basis for L over k.
(c) Prove dimy L =e1 +---e, + 1.
(d) What can be said if deg f(z) > deg g(2)?

2. Let C be the hyperbola zy = 1 in the real plane. Let (a,b) and (¢,d) be points on C (i.e.,
ab = cd =1). Let L be the line through (a,b) and (c¢,d). When (a,b) = (¢,d) then L is assumed to
be the line tangent to C' at that point. Next let M be the line through (1, 1) parallel to L. Let (z,y)
be the other point on C' where M intersects C. When M is tangent to C' then (x,y) is set equal to
(1,1). Define a binary operation on C' by setting (a,b) - (¢,d) = (x,y). Show:

(a) C is an abelian group under this binary operation with (1,1) as identity element.

(b) C is isomorphic to R* (the multiplicative group of nonzero real numbers).
[Hint: Set up the isomorphism first and use it to show that all of the group properties on C are
inherited from R*.]

3. (a) Let G be a group and let H be a normal subgroup. Suppose that every element of G/H has
finite order and every element of H also has finite order. Show that every element of G has
finite order.

(b) Show that no group of order 56 is simple.

4. Let Z,, = Z/nZ be the cyclic group of order n. Let G = Zy5 @ Zsa ® Zss ® Zio.

(a) What is the order of the largest cyclic subgroup of G?
(b) How many elements of order 3 are there in G?

5. Let f(z) = (22 — 3)(2® — 5) and g(x) = (22 + 3)(2® — 5). Let K and L be the splitting fields,
respectively, of f(x) and g(z) over the rational numbers, Q.

(a) Find generators for K and L over Q.
(b) Find the degrees [K : Q] and [L : Q.
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1. Let G be a finite group and let H be a subgroup of G of index n. Show: there exists a normal
subgroup H* of G with the properties that H* < H and [G : H*] < nl. [Hint: Construct a
homomorphism of G into the symmetric group S,, whose kernel is contained in H.]

2. Let p be a rational prime and let ¢ = p'. Let GF(p) and GF(q) be the fields with p and ¢
elements, respectively. Let T : GF(q) — GF(p) be the trace map (i.e., T'(x) equals the sum of the
conjugates of x). Let ® : GF(q) — GF(q) be defined by ®(z) = 2P — z. Show:

(a) ® is a homomorphism of the additive group GF(q).
(b) The kernel of ® is GF(p).

(¢) The image of ® equals the kernel of T

(d) T maps GF(q) onto GF(p).

th

3. Let f(x) = (x — p1) - - - (x — prr) where the roots range over the (complex) primitive m"” roots of

unity. Show:

(a) The coefficients of f,,, are rational integers.
(b) If p is a rational prime not dividing m then f,,(2P) = fin(x) fym(2).
(¢) fm is irreducible over Q (the rational numbers).

4. A field is said to be formally real if the equation 2 + - -- + 22 = —1 is not solvable in the field. A
field is said to be real closed if it is formally real and does not possess a proper, algebraic, formally
real extension. Show:

(a) A formally real field has characteristic zero.

(b) If K is formally real, with algebraic closure M then there exists a real closed field L such
that K < L < M.

(¢) A real closed field K is ordered in exactly one way (i.e., there is a subset P of K such that
(i) for all a in K exactly one of the following holds: @ = 0, a is in P, —a is in P and (ii) if
x and y are in P then so are z + y and zy). Moreover, the set of positive elements of K is
precisely the set of nonzero squares. [Hint: Show that if a nonzero element a of the field is
not a square then —a is a square.|

(d) An example of a formally real subfield K of C (the complex numbers) which is algebraic over
Q (the rational numbers) but which is not itself a subfield of R (the real numbers).
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1. Determine the number of (isomorphism classes of) groups of order 21. (Justify your answer.)

2. Let R be an associative ring with multiplicative identity 1.
(a) Let = € R be arbitrary. Show that ¢(x) = {z € R : zx =0} is a left ideal in R.
(b) Let = be any element of R that has a mutiplicative left inverse y in R.
(i) Prove that y is unique iff £(z) = 0.
(ii) Prove that y is unique iff = is a unit in R.

3. Let L be a free Z-module of rank 2 contained in C. Let {w;, w2} be a Z-basis for L and assume
that u = w; /ws is not real. Assume also that there exists a complex number z, not in Z, such that
zL C L. Show the following facts:
(a) The minimal polynomial for u over Q is quadratic (hence u is algebraic).
(b) If w is any complex number for which wL C L, then w € Q(u) and satisfies a quadratic
equation of the form w? + rw + s = 0 where r and s are in Z.
(c) If R denotes the set of all complex numbers w for which wL C L, then R is a subring of Q(u)
and L is isomorphic to an ideal of R.

4. Let F be a field and let R = F[x] be the ring of formal power series in one variable with coefficients
in F.

(a) Describe the units in R. (Justify your answer.)

(b) Show that every nonzero ideal in R is of the form z*R, k € Z, k > 0.

(¢) Show that x is the unique prime element in R, up to associates.
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1. Determine up to isomorphism all groups of order 8.

2. Let G be a finite group and f : G — G be an automorphism of G. If f(x) = x implies z = e, and
f? = f o f equals the identity map, show that G is abelian. [Hints: Prove that every element in G
has the form x=! f(x) and that if ¢(z) = 2! for all # € G is an isomorphism, then G is abelian.]

3. (a) Let R be a ring with 1. State the axioms for a unitary left R-module M.
(b) Let M be a cyclic unitary left R-module with generator m, i.e., M = R(m). Let J = {r €
R : rm = 0}. Show that J is a left ideal of R.
(c) Regarding both R and J as left R-modules, show that R/J = M, i.e., R/J and M are
isomorphic as left R-modules.

4. Find the Galois group of 2% — 3 over Q. Give the order of the group, find the splitting field and
give a set of generators for the Galois group by describing their effect on the roots of the polynomial.

5. (a) Let x be an indeterminate (transcendental) over the complex numbers C and suppose that

r(x) = % where p(z) and ¢(z) are elements of C[z] and are relatively prime. Define

degr(x) = max{degp(x),degq(x)}. Show that if degr(z) > 1, then r(x) is transcendental
over C and that C(x) is an algebraic extension of C(r(x)) of degree equal to degr(z).

(b) Show that there is an automorphism ¢ of C(z) fixing C defined by ¢(z) = r(x) precisely if
r(z) = ij_rg where ad — bc # 0 (i.e., the automorphisms of C(x) fixing C correspond to the
set of linear fractional transformations).

6. Prove that the integral domain I' of Gaussian integers (i.e., complex numbers of the form a + bi,
with a and b integers) is a unique factorization domain.
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1. Show that every group of order 77 is cyclic.

2. Let G be the direct sum of cyclic groups of order m and n where m | n. Let G be written
additively.
(a) Determine the order of the subgroup G(m) consisting of elements x with mz = 0.
(b) Determine the order of the group of endomorphisms of G, i.e., the homomorphisms of G into
itself.

3. Let R be a ring with identity and M a unitary R-module.

(a) If m € M, show that {x € R : xm = 0} is a left ideal of R.

(b) Let A be a left ideal of R and m € M. Show that {xm : z € A} is a submodule of M.

(c) Suppose it is given that M has no submodules other than {0} and M itself (i.e., M is
irreducible). Let mg € M, mg # 0. Show that A = {z : xmy = 0} is a maximal left ideal of
R (that is, if A is contained properly in a left ideal B, then B = R).

4. An ideal I in a commutative ring R with identity is primary if for any a,b in R with a - b € I, if
a ¢ I, then b"™ € I for some n > 1.
(a) Show that I is primary iff every zero divisor in R/I is nilpotent.
(b) Let VI = {xz € R : z™ € I for some n}. Prove that if I is a primary ideal, then /T is a
prime ideal.
(¢) When R is a principal ideal ring, show that I is primary iff I = P¢ for some prime ideal P
with e > 0.

5. Let w be a primitive 10** root of unity in C.
(a) Find the Galois group of Q(w) over Q (where Q is the field of rational numbers).
(b) Let ®,, denote the n'* cyclotomic polynomial over Q. What is the degree of ®9y over Q?
(c¢) Using the notation of parts (a) and (b), determine how many factors there are and what are
their degrees when @9 is factored into irreducible factors over Q(w).
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DO FIVE OF THE SIX PROBLEMS

1. Let a be an element of the alternating group A,. Prove that the number of conjugates of a in
A, (i-e., under conjugacy by the elements of A,,) is either the same as or only half as large as the
number of conjugates of a in the symmetric group S, that contains A,.

2. Let G be a group of order 780 = 22 - 3 - 5 - 13 which is not solvable. What are the orders of its
composition factors? Explain your reasoning. (You may assume without proof that all groups of
order less than 60 are solvable.)

3. (a) Prove that prime elements in an integral domain are irreducible.
(b) Let D be a principal ideal domain. Prove that if P is a nonzero prime ideal in D, then P is
a maximal ideal.
(c) Let R[x] be the ring of polynomials in one indeterminate over an integral domain R. Prove
that if R[z] is a principal ideal domain, then R is a field.

4. Let R be a commutative ring (not necessarily with multiplicative identity). Prove that if the only
ideals in R are (0) and R, then either:

(a) R is the zero ring: R = {0},

(b) R contains a prime number p of elements, and a - b = 0 for all a,b € R, or

(¢) R is a field.

5. (a) Let F,, denote a finite field with p elements, where p is an arbitrary prime, = be transcendental
over F,, K = Fy(z), and f(z) = 2P — 2z € K|[z], where K|z] is the ring of polynomials in a
transcendental element z over the field K. Prove:

(i) f(z) is irreducible in K|[z].
(ii) If 0 is a root of f(z) in its splitting field over K, then K () is an inseparable (algebraic)
extension of K.
(b) Prove: If F' is a subfield of a field E such that [E : F| = n = (degree of E over F) < oo, x
is transcendental over F', f(x) € F[x] is irreducible of degree d > 1 in F[z] and (d,n) = 1,
then f(x) is irreducible in E[x].

6. (a) Let Q denote the field of rational numbers. Determine the subfield K of the complex field C
that is the splitting field over Q of the polynomial f(z) = 2* — 2% — 6.
(b) Determine the Galois group Gal(K/Q) = Gal(f/Q) and all of its subgroups.
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1. G is a finite group of order 2p, where p is a positive odd prime number. You are given that x,y

are elements of G of order 2, p, respectively.

I'=y™ for some

(a) Prove from first principles (i.e., using only the notion of a group) that zyz~
integer m.

(b) Prove that one may take m =1 or p — 1.

2. There exists a simple group G or order 168. Prove that G is isomorphic to a subgroup of Sg, the
symmetric group on eight letters. [Hint: Consider Sylow subgroups of G.]

3. Let R = Z[x,y], where Z denotes the ring of rational integers and x, y are algebraically independent
over Z. For each of the ideals I in R as defined below:
(i) Briefly describe the quotient ring R/I. (If you wish, you may describe an isomorphic image.)
(ii) Determine whether or not I is prime. (Justify your answer.)
(iii) Determine whether or not I is maximal. (Justify your answer.)

(a) I = (y), the principal ideal generated by y in R.
(b) I = (y,5,2% + 1), the ideal generated by the three elements y,5, 2> + 1 in R.
(c) I = (y,3,2%+ 1), the ideal generated by the three elements y,3,2% + 1 in R.

4. Let M # {0} be an arbitrary left R-module of an arbitrary ring R # {0}. M is called a simple
left R-module if and only if its only proper left R-submodule is {0}. Prove:
(a) If M is simple, then either
(i) RM = {0} and M is finite of prime order, or
(i) RM # {0} and M is a unitary cyclic left R-module generated by each of its nonzero
elements.
(b) If either (i) or (ii) above holds, then M is simple.

5. Let F = GF(2), the field with two elements. Let K be a splitting field for f(z) = z* + x + 1 over
F. Let a be an element of K such that f(a) = 0. Find all elements § € K such that K = F(f).
(Express each (3 as a polynomial in « over I of least possible degree.) Prove that your list is complete.

6. Determine the Galois group G of 2% — 3 over Q (the rational number field).
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4. Let w(z,y) = «™y™ - 2™ y", m; and n; are any integers (of any sign), different from 0 and
r > 1. Find two permutations p and ¢ of a finite set such that

mi ni

w(p,q) =p™q" ---p"rq""

is a permutation different from the identity.

5. (a) Consider the matrix

1 15 12 -16
A= % -20 9 -12
0 20 15

as a linear mapping from R3 into itself. You may assume without proof that this mapping is
a rotation around a certain axis through an angle 6. Find the axis and find 6.

(b) Find two different square roots of A, one a rotation and one not. For full credit, include a
numerical solution; up to 6 out of 8 points will be awarded for a geometric description and a
description of how one would proceed in calculating v/A4, in lieu of the calculation itself.

6. In the following problem, you may assume the following fact, which holds for cubic polynomials
over any field:

ifa® +pr+ = (z—a)w— B)@—9), then [(v—a)(y— B)( - )2 = —4p* - 27¢%,
You may assume the fundamental facts of Galois theory, but apart from these assumptions, please
base your proofs on fundamentals of field theory.
(a) Prove that f(x) = 2% — 3z + 1 is irreducible over the field Q of rational numbers.
(b) Prove that f(z) has three distinct real roots (alias “zeros”). Let us call them «, 3,y with
a< <.
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1. Let Z,, denote the (additive) cyclic group of order n. Let G = Z15 ® Zg ® Zss4 ® Zs0 D Zg.
(a) What is the order of the largest cyclic subgroup in G?
(b) How many elements are there of order 57
(c) How many elements are there of order 257
(d) How many subgroups are there of order 257

2. Let K = GF(p"™) be a finite field of characteristic p which has degree n over its prime field GF(p).
(a) Prove that K has p" elements.
(b) Prove that K is a Galois extension of GF(p) and describe its Galois group.
(c) Prove: GF(p™) is (isomorphic to) a subfield of GF(p™) if and only if m divides n. Show that
in this case GF(p™) has exactly one subfield with p™ elements.

3. Let P53 be the vector space of all polynomials over the real field R of degree < 3. Define a mapping
¢: P3— R by ¢(ap + a1z + asz? + CL31‘3) = ag + a1 + as + az for every ag + a1z + asx® + azz® € Ps.
(a) Prove: ¢ € P5, the dual space of P3 (by definition, the dual space of a real vector space is
the space of all linear functions from the space to R).
(b) Let ¢o, d1, b2, ¢3 be the basis of P; which is dual to the basis {1,z, 22, 23}, i.e., ¢;(z) = 0
if i # j and ¢;(2%) = 1, for i = 0,1,2,3. Express the linear function ¢ of part (a) in terms of
this dual basis.
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1. (a) What is meant by the statement that a field is a normal extension of the rational field Q7
(b) Let K = Q(2'/2,21/3). Determine the relative degree [K : Q.
(b) Prove that K is not a normal extension of Q.

2. (a) State any one of Sylow’s Theorems on finite groups. Consider the set of nonsingular matrices

0
(b) Prove that they form a group under multiplication.

< o g ) with elements «,  in the field with 3 elements.

(c) Determine the structure of this group, in particular whether it is abelian.

3. Let K be an arbitrary field and K (x) the field of rational functions in one variable over K. Let
u be an element of K (x) not in K. Show:
(a) wu is not algebraic over K.
(b) If w = f(z)/g(x) where f(x) and g(z) are relatively prime polynomials in K[z] then [K(z) :
K (u)] = m where m = max{deg f(z),deg g(x)}.

4. Let Q be the rational field and let a be a root of z* + 1. Show:

(a) [Q(a): Q = 4.
(b) Q(«) is a Galois extension of Q.
(c) The Galois group of Q(«) over Q is the Klein 4-group.
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1. (a) Consider a group G of order 2n which contains exactly n elements of order 2. Show that n
must be odd.
(b) Let A = {aq,...,a,} be the set of those elements of G which are of order 2. Prove that
a;aj # aja; for all @ # j.
(c) Give an example of a group of the type given in part (a).

2. (a) Let G be a finite group, H a normal subgroup, p a prime, p{ [G : H]. Show that H contains
every Sylow p-subgroup of G.
(b) Show that a group of order 992 (= 31 - 32) is not simple.

3. Let R be a commutative ring with 1, and let I, J be ideals in R with I + J = R.

(a) Let a,b € R. Prove that there exists ¢ € R such that c =a mod I and ¢ =b mod J.

(b) Deduce from the above that R/I N J is isomorphic to the direct product (R/I) x (R/J).
[Note: You may do part (b) for partial credit, assuming the result for part (a), even if you haven’t
done part (a).]

4. Let R be a commutative ring with 1. Let fi, fo,..., fr be r elements of R and let (f1,..., f;) be
the ideal generated by this set. Suppose that g and h are elements of R and that a certain positive
power of g belongs to (fi,..., fr, h) while a positive power of gh belongs to (fi,..., fr). Show that
there is a positive power of g which belongs to (fi,..., fr)-
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SOLVING COMPLETELY ANY 4 OF THE PROBLEMS SECURES THE MAXIMUM SCORE OF 100 POINTS

1. Let w = e2™/5,
(a) If possible, find a field F' C Q(w) such that [F(w) : F] = 2.
(b) If possible, find a field F' C Q(w) such that [F(w) : F] = 3.

2. If p is a prime, let F,, denote the finite field with p elements. Find the Galois group of x* — 3 over
each of the following fields:

(a) F7.

(b) Fis.

3. Let G be a finite group with nm elements and K a subset with m elements. Define a “coset” of
K tobe Kg={kg : k€ K} where g is an element chosen from G.

Suppose that there exist exactly n distinct cosets of K in G. Prove that one of these “cosets” is a
subgroup H and that the other “cosets” are then really the right cosets of the subgroup H in G.

4. (a) Show that a group of order 12 is not simple.
(b) Show that a group of order p?q is not simple where p and ¢ are distinct odd primes.

5. (a) Let B be a nontrivial Boolean ring (so B # {0} and for all b € B, b*> = b). Prove:
(i) B is commutative.
(ii) If P is any prime ideal in B, then P is maximal.
(b) Let R be a noncommutative ring with multiplicative identity 1.
(i) Let = € R be arbitrary. If r(z) = {y € R : zy = 0}, prove that r(x) is a right ideal in
R.
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1. Let K be a field and K[z] the ring of all formal power series with coefficients in K. Prove:
(a) Z apx™ is a unit in K[z] if and only if ag # 0.

(b) K [[:c]] has only one maximal ideal.

2. Let R be a commutative ring with only one maximal ideal P. Let M be a finitely generated
R-module for which PM = M. Prove that M = 0.

3. Prove: There is no simple group of order 36.

4. Prove: The order of GL,( is H q" — q

5. Let k be a field and k(z) the field of rational functions in one variable over k. Prove: GLa(k)/k* =
PGLy (k) is the Galois group of k(x) over k.

(27" — g)otl

6. Let K be the fixed field of PGLy(FF,) acting on Fy(z). Prove K = F,(y) where y = m.
x4 —x
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1. Let F, be a finite field with ¢ elements. What is the number of quadratic (of exact degree 2)

irreducible polynomials in F,[z]?

2. (a) Prove that the polynomial z* — 3 is irreducible over the field Q of rational numbers.
(b) What is the degree of a splitting field K of 2% — 3 over Q? Give a set of field generators for
K over Q. (Take K to be a subfield of the complex numbers.)
(c) Prove z* — 3 is irreducible over Q(3).
(d) Determine the Galois group of 2* — 3 over Q(i) as an abstract group.

3. Let V be a vector space over a field K, R a subring of the ring Hom(V') of linear transformations
from V to V, and Homp(V') the ring {S € Hom(V) : ST =TS for all T € R}.

Prove: If R is 1-transitive, i.e., for all z,y € V with x # 0 there is a T' € R with T'(z) = y, then
Homp(V) is a division ring.

4. Let G be a finite group of order n. Assume that, for each prime dividing n, G has a unique Sylow

p-subgroup P, and that P is cyclic. Prove that G is cyclic.

5. Let p, q,r be distinct primes.

(a) Show that [Q(/p, /q) : Q] = 4.
(b) Show that [Q(\/p, /q, /) : Q] = 8.

6. (a) Determine for which pairs k,n with 1 < k < n there is a k x k matrix A over the rationals
Q such that A™ = 21I.
(b) Give, with proof, an example, for each n, of a linear transformation 7" : Q™ — Q" such that
the only T-invariant subspaces of Q" are {0} and Q™.
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1. Let G be an arbitrary group whose center is trivial. Prove: The center of the automorphism
group of G is also trivial.

2. Let L be a separable extension of degree n of the field K. Assume L is contained in a given algebraic
closure K of K. Let {v1,...,v,} be a vector space basis for L over K. Let UZ-(j), j=1,...,n be the
conjugates of v; in K. Prove

det | ........ o9 #0.

3. Determine all maximal ideals in the polynomial ring Z[z|. (Z is the ring of rational integers.)

4. How many irreducible factors does the polynomial 22"°~1 — 1 have over GF (2)?

5. Let wi,ws be two complex numbers whose ratio w = wy/ws is not real. Let A = {mw; + nwo
m,n € Z} be the abelian group generated by w; and wy. Let R={A € C : AA C A} (C is the field
of complex numbers).

(a) Prove: R is a ring.

(b) Prove: If A is a unit in R then A is a root of unity. (A" =1 for some n > 0.)

(c) If X is an n'" root of unity in R then n is a divisor of ??.

6. Let R be a ring (associative with identity) for which b?> = b for every b in R. Let p be a prime
ideal of R.

(a) Prove: R is commutative.
(b) Prove: R/p is a field.
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1. An element r in a ring is called nilpotent if r™ = 0 for some positive integer n.
(a) Show that in a commutative ring R the set of nilpotent elements forms an ideal N.
(b) In the notation of (a) show that R/N has no nilpotent elements.
(c) Show by example that part (a) need not be true for noncommutative rings.

2. Let F = Q(6) where Q denotes the rational number field and 6 the fifth root of unity e27%/5.
Discuss the Galois group of the polynomial 2° — 7 over Q(6), including a determination of the degree
of the root field (justify this), a description of the Galois group in purely group-theoretic language,
and a representation of each automorphism as a permutation.

3. Either: Let G be a finite group of order 2p, p and odd prime.
Let a be an element of order 2, b an element of order p.
Let H be the subgroup of G which is generated by b.
(i) Prove H is a normal subgroup of G.
(i) Prove that aba = b" for some integer r, and hence that b"* = b.

Deduce that one of the relations aba = b; aba = b~ must hold.

Or: State some theorem involving Sylow subgroups and use it to show that a group of order 30
cannot be simple.

4. fij(x),5=1,...,k (k > 2) are polynomials in « with complex coefficients. Assume that they have

no common root; thus for any x
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1. (a) Let G be a cyclic group of order n. Let d € Z*, and let v = ged(d, n). Show that n/v of the
elements of G are d*" powers (i.e., are of the form y? for some y € G).
(b) Let d,s € Z", and let p € Z* be an odd prime (so the group of units U of the ring Z/p°Z is
cyclic). When is the d"* power mapping (y — y?) on U surjective?

2. Let G be the abelian, non-cyclic group of order 25. Let the field K be a Galois (finite, separable,
normal) extension of the field F', with Galois group G.

(a) Find [K : F], the degree of the field extension.

(b) How many intermediate fields ¥ are there between F' and K? (F < ¥ < K)

(c) Which of the above fields ¥ are normal extensions of F'?

3. Let w1, ws be a pair of complex numbers that are linearly independent over the reals. Let A be the
free abelian group generated by wy,ws. That is, A = Zw; + Zws. Now let R={A € C : M < A}
Show:
(a) R is a commutative ring containing Z as a subring.
(b) Z < R <= w = w;/wsy generates a quadratic extension of Q.
(c) Suppose that [Q(w) : Q] = 2 and w? + rw + s = 0 with suitable r,s € Q. Let r = r/ro,
s = s1/s2 where 11,79, 51,52 are integers and ged(ri,72) = ged(si,s2) = 1. Finally let
¢ = lem(rg, s2). Prove R = Z[cw].
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1. Let K be a field of degree n over the rational numbers, Q. Moreover, let {wi,...,w,} be a basis
for K as a vector space over Q. Next, when o € K let p,(x) be its minimal polynomial over Q and
n
ne = [Q(a) : Q]. Since o C K we can write aw; = ) ajw;, i =1,...,n. Let
j=1
Ay = Qg5

We define ¢ : K — M, (Q) by ®(a) = A,.
(a) Show that ® is a monomorphism of the field K into the ring M, (Q).
(b) For a given a € K what are the minimal and characteristic polynomials of A,? (Give these
explicitly.)
(c) Compute the minimal and characteristic polynomials in the case: K = Q(i,Vv2), a = i,
wy =1, wy =i, wg =2, wg = iv/2. Also find ®(a) in this case.

2. Let R=17 [L VZ_H} be the ring of all complex numbers of the form m 4+ n (1+7 ”2_11) where m
and n are ordinary integers. When a € R we let |a| be its length as a complex number.

(a) Show that R is a Euclidean ring. That is, show that for all a,b # 0 in R there exist ¢,r in R
such that a = bg + r and |r| < |b].
(b) Since Euclidean rings are unique factorization domains, factor 37 into prime factors in R.

3. Let H be a subgroup of a group G. Let Ng(H), Cq(H) be, respectively, the normalizer and the
centralizer of H, i.e., Ng(H) ={z € G : ™ 'Hzx = H}, Cq(H) ={x € G : g = gx for all g € G}.
(a) Prove that C¢(H) is a normal subgroup of Ng(H), and that Ng(H)/Cq(H) is isomorphic

to a subgroup of the automorphism group of H.

(b) A celebrated theorem (credited to Burnside) is: “Let the order of a finite group G be p“m,
where p is a prime, and (p,m) = 1. Let P be a Sylow p-subgroup of G. Suppose Ng(P) =
Ca(P). Then G has a normal subgroup of order m.”

Use this theorem to prove the following: Let G be a finite group of order p®m, where p is
the smallest prime dividing the order of G, and (m,p) = 1. Suppose P is cyclic, where P is
a Sylow p-subgroup of G. Then G has a normal subgroup of order m.

4. Let K be a splitting field of #'2 — 1 over Q, where Q is the field of rational numbers.
(a) Describe the Galois group of K over Q (what are its elements and what is the group struc-
ture?).
(b) How many subfields does K have and what are their degrees over Q7
(c) Let 0 be a primitive 12" root of unity in an extension field of Q (i.e., #'2 = 1 and 6™ # 1 if
0 < m < 12). Find the irreducible polynomial for 6 over Q.

PLEASE TURN OVER



2

ALGEBRA PRELIM JANUARY 1977

5. Let R be a ring with identity and M a unitary R-module.

(a) If m € M show that {x € R : xm = 0} is a left ideal of R.

(b) Let A be a left ideal of R and m € M. Show that {xm : x € A} is a submodule of M.

(c) Suppose it is given that M has no submodules other than {0} and M itself (one says that
M is irreducible). Let mog € M, mg # 0. Show that A = {z : zm = 0} is a maximal left
ideal of R (that is, if A is contained properly in a left ideal B, then B = R).

6. Let wi,wy be a pair of complex numbers such that w = w;/ws lies in the upper half plane (i.e.,
Im (w) > 0). Let A = {mw; +nws € C : m,n € Z}. Let E(A) = {a € C : aA < A}. (Note:
Z < E(A).)
(a) Show: if Z S E(A) then [Q(w) : Q] = 2.
(b) Show: If [Q(w) : Q] = 2 then Z S E(A) and every a € E(A) satisfies an integral equation
(i.e., a2 + aa + b = 0 for some a,b in Z).
(c) Compute E(A) explicitly in the case w = /—1. (Be careful of this one!)
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1. Suppose R is a Boolean ring, i.e., a ring such that 2 = x for all = € R.

(a) Prove that R is commutative and of characteristic 2.

From now on assume there is a unit element 1 € R. For a € R, we let (a) denote the principal
ideal generated by a.

(b) Prove that for a € R, (a) is itself a Boolean ring with unit element a.

(c) Prove that, for any a € R, the ring R is the direct sum of the ideals (a), (1 + a):

R=(a)®(1+a).

(d) Prove that any finite Boolean ring is isomorphic to a direct power of the two-element ring Zs
(a direct sum of several copies of Zy).

2. (a) A group G is decomposable if it is isomorphic to a direct product of two proper subgroups.
Otherwise G is indecomposable.
Prove that a finite abelian group G is indecomposable if and only if G is cyclic of prime power
order.
(b) Determine all positive integers n for which it is true that the only abelian groups of order n
are the cyclic ones. Justify your answer.

3. Let S be the set of all 2 x 2 Hermitian matrices of trace 0, i.e., {A : A" and tr(A) = 0} (B! =
transpose of B).

(a) Prove that the mapping
T y+1iz
@)= (5 V)

is an isomorphism of R? onto S.

Let G be the set of all unitary 2 x 2 complex matrices, i.e., {A : A- A=A A= I}. For
each matrix A € G define p4(B) = ABA~! for any 2 x 2 complex matrix B.

(b) Prove that ¢4 maps S — S, and is a linear transformation of S into itself.

(c) Making use of the isomorphism in part (a), prove that the mapping A — @4 is a group
homomorphism of G onto a group of distance-preserving linear transformations of R3.

4. (a) List, without proof, the standard results you know on finite fields (including their Galois

theory).
For any prime p, let F = Z,,, the field with p elements. Let K be an algebraic closure of F,
and let G be the group of automorphisms of K.
You may use, in the following, any result quoted in part (a).

(b) Prove that for any positive integer n, K contains one and only one subfield with ¢ = p”
elements.

(¢) Let E be any finite subfield of K, and let 0 € G. Prove o(E) = E.

(d) Prove that G is an abelian group.
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1. (a) Determine the splitting field K for the polynomial 4 —5 over Q (the field of rational numbers)

and give the degree [K : Q.

(b) Find a set of automorphisms of K which generate the Galois group of K over Q (but do not
list all the elements of the Galois group).

(c) What is the order of the Galois group G of K over Q7

(d) Give an example of intermediate fields F}, Fy : Q C Fy € K, Q C F, € K such that Fy is
normal over Q and F5 is not normal over Q.

(e) Find the subgroups H; and Hjy of G which correspond to F; and Fj, respectively, under the
Galois correspondence.

2. If a matrix A has a minimal polynomial (z — 3)3(x — 5)?(x — 2) and characteristic polynomial
(x — 3)°(z — 5)5(z — 2), give the possible Jordan canonical forms that might correspond to A.

3. Let R be a noncommutative ring with multiplicative identity 1.
(a) Let x € R. If r(x) = {y € R : xy = 0} prove that r(x) is a right ideal of R.
(b) Let x be an element of R which has a right multiplicative inverse z in R. Prove that z is also
a left inverse of x if and only if r(z) = 0.
(c) Prove that if an element = of R has more than one right inverse then it has infinitely many.
[Hint: Note if zz =1 and a € r(x) then z(z +a) = 1.

4. Prove the theorem: If G is a nonabelian group then G/Z(G) is not cyclic (where Z(G) denotes
the center of the group G).

5. Let G be a group of order p?q where p and ¢ are distinct odd primes. Prove that G contains a
normal Sylow subgroup.
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1. Prove that all groups of order 45 are abelian, and determine how many nonisomorphic groups of
order 45 there are.

2. Let p be an odd prime. For any positive integer n, call an integer, a, a quadratic residue mod p"

2

if (a,p) = 1 and the equation x* = a is solvable mod p”. Prove that for any n, the quadratic residues

mod p" are precisely the quadratic residues mod p. [Hint: Use the fact that the group of units of
the ring Z,» form a cyclic group of order p"~*(p — 1).

3. Prove that the multiplicative group of an infinite field is never cyclic.

4. Let K be the splitting field of (23 —2) (22 —2) over the rational numbers Q. Determine all subfields
of K which are of degree four over Q. Explain how you know you have found them all.

5. Let A be a 4 x 4 matrix over the field F'. Suppose that
() A#T,
(ii) A — I is nilpotent, i.e., there exists a positive integer n such that (A — I)" = 0, and
(iii) A has finite multiplicative order, i.e., there exists a positive integer m such that A™ = I.

For what fields F' does such a matrix A exist? Clearly indicate your reasoning.

6. Let T be a linear transformation of V into V, where V is a finite-dimensional vector space over
the complex numbers. Let p be any polynomial with complex coefficients. Show p(T") has exactly
the eigenvalues p(A1),...,p(A\n) if A1,..., A, are the eigenvalues of T'.
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n—1
1. Let N : GF(¢")* — GF(q)* by N(a) = a't*t=+2"  Prove: N is onto.

2. Let V be an n-dimensional vector space over the field k. Let S be a set of pairwise commuting
linear transformations of V into V. Prove: If each f in S can be represented by a diagonal matrix
with respect to some basis of V' (depending on f), then there is a basis of V' with respect to which
all of the endomorphisms in S are diagonal.

3. Prove: The group of units of the ring Z/p"Z is a cyclic group of order (p — 1)p"~! when p is an
odd rational prime. [Hint: Use induction on n.]

4. Let K be the splitting field of 7 — 323 — 622 + 3 over Q. Let Ej, Ey be subfields of K such that
[K . El] = [K . EQ] = 7. Prove E1 = E2.

5. Find the Galois group of the splitting field K of % — 2 over Q. Find two subfields E;, Fy of K
such that [K : Fy] = [K : E3] = 2 but E; and Ey are not isomorphic.

6. Let K be a field in which —1 cannot be represented as a sum of squares and such that in every
proper algebraic extension —1 can be represented as a sum of squares. Prove: If ¢ € K is not a
square in K then a is not a sum of squares in K.
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PLEASE DO 5 OUT OF 6 PROBLEMS

1. Show that no real 3 x 3 matrix satisfies 2 + 1 = 0. Show that there are complex 3 x 3 matrices
which do. Show that there are real 2 x 2 matrices that satisfy the equation.

2. Prove: Let G be a finite group, let H be a subgroup of G. Let i(H) be the index of H. Let o(QG)
be the order of G. Suppose o(G) does not divide i(H). Then H must contain a nontrivial normal
subgroup of G. In particular, G cannot be simple.

[Hint: Let S be the set of right cosets of H. Let a,g € G. Let 0, : Hg — Hga. 0, is a one-to-one
mapping of S. Consider the collection of {6, : a € G}]

Use this theorem to show that a group of order 75 cannot be simple. You may use Sylow’s theorem.

3. Let G be a group of order p”, where p is a fixed prime and n is a positive integer. Prove:

(a) The center of G is nontrivial, i.e., there is a g € G, g # 1, g € center of G. The center of a
group is {x € G : xg = gz for all g € G}.
(b) For every m,m < n, G has a subgroup of order p™.

n—1

(c¢) Every subgroup of order p"~" is normal.

4. Let R be a unique factorization domain, and let K be its field of quotients. In the following we
fix a prime element p in R.

(a) Let R, ={$ € K : a€ R,bc R and p does not divide b in R}. Prove R, is a subring of K.
(b) Find the units of R,. What are the primes of R,? Prove R, is a unique factorization domain.
(c) Show that R, has a unique maximal ideal.
)

(d) Prove that R, is a maximal subring of K, i.e., if S is a subring of K which contains R, then
S=R,or S=K.

5. Let R be a ring with more than one element and with the property that for each element a # 0
in R there exists a unique element b in R such that aba = a. Prove:

(a) R has no nonzero divisors of zero.
(b) bab = b.

(c) R has a unity.

(d) R is a division ring.

Note: If you can’t do one part of this problem assume the result and go on to the next part.

6. Consider p(x) = 28 + 1 as a polynomial over the rationals Q. Let K be the splitting field of p(z)
over Q. Find the Galois group G of p(x), i.e., the group of automorphisms of K relative to Q. Is
this group abelian? If so, express it as a direct sum of cyclic groups. List all the subgroups of G.



