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Instructions

This exam is worth a total of 85 points and 15% of your overall grade. For each part of the exam, read the
instructions carefully.

I expect your proofs to be well-written, neat, and organized. You should write in complete sentences. Do
not turn in rough drafts. What you turn in should be the “polished” version of potentially several drafts.
Feel free to type up your final version.

The LATEX source file of this exam is also available if you are interested in typing up your solutions using
LATEX. I’ll help you do this if you’d like.

The simple rules for the exam are:

1. You may freely use any theorems that we have discussed in class, but you should make it clear where
you are using a previous result and which result you are using. For example, if a sentence in your
proof follows from Theorem 28, then you should say so.

2. Unless you prove them, you cannot use any results from the course notes that we have not covered.

3. You are NOT allowed to consult external sources when working on the exam. This includes people
outside of the class, other textbooks, and online resources.

4. You are NOT allowed to copy someone else’s work.

5. You are NOT allowed to let someone else copy your work.

6. You are allowed to discuss the problems with each other and critique each other’s work.

The exam is due to my office by 5pm on Friday, October 14. You should turn in this cover page and all
of the work that you have decided to submit.

To convince me that you have read and understand the instructions, sign in the box below.

Signature:

Good luck and have fun!
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Part 1

Provide an example of each of the following. You do not need to justify your answers. (3 points each)

1. A group G that is abelian (i.e., commutative) but not cyclic.

2. A group G such that all of the proper subgroups of G are cyclic but G is not cyclic.∗

3. A group G that is not abelian.

4. A group G and elements a, b ∈ G, where (ab)2 6= a2b2.

5. A group G with more than one element such that the only subgroups of G are G itself and the subgroup
consisting solely of the identity (i.e., {e}).

6. A group G that is infinite and cyclic.

7. A group G that is infinite but not cyclic.

Part 2

Complete each of the following problems. You should provide sufficient justification where necessary.

1. (4 points) Complete the following table so that it represents the multiplication table for a group.

∗ e a b c

e

a c

b

c

Bonus Question: (3 points) What group is this in disguise? Justify your answer.

2. (3 points each) Provide at least one reason why each of the following does not form a group.

(a) The set of odd integers under the operation of addition.

(b) The set of real numbers under the operation of multiplication.

(c) The set of 2× 2 matrices with real number entries under the operation of matrix multiplication.

3. (3 points each) Imagine that you have a penny and a nickel sitting side by side. So that we both have
the same starting point, assume that both coins are showing heads (as opposed to tails) and the penny
is on the left. Consider the following actions on the coins:

S: Swap left and right coins.

FL: Flip over the left coin.

∗A proper subgroup is a subgroup that is not equal to the whole parent group.
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It turns out that the set of all possible combinations of S’s and FL’s forms a group with 8 elements.
We’ll stick with our convention of applying actions from right to left and we’ll use ∗ to denote the
binary operation. For example, FL ∗ S ∗ FL first flips over the left coin, then swaps both coins, and
finally flips the coin in the left position. The net result is that we flipped over both coins and swapped
their position; let’s call this action D (I’m thinking “D for “double”).

(a) List the remaining 5 elements of this group by describing the action on the coins. In addition,
give each of the elements a name (similar to how I named elements by S, FL, and D).

(b) For each of the 8 elements of this group, write the element as a combination of S and FL. (For
each element, there are many correct answers.)

(c) It turns out that there are two elements of order 4 in this group. Find both of them.

(d) Is this group cyclic? Justify your answer.

(e) Is this group abelian? Justify your answer.

4. (3 points each) Consider the group Z20 (i.e, the set {0, 1, . . . , 19} under the operation of addition
modulo 20).

(a) Find all generators of this group.

(b) What are the orders of the elements in this group? You don’t need to list all of the elements and
their corresponding orders (although, you can if you want to), but rather you just have to tell me
what the orders end up being.

(c) Find all elements of order 4.

(d) Does the set of all elements of order 4 form a subgroup? Explain your answer.

Part 3

(8 points each) Prove any 3 of the following theorems.

Theorem 1. Let G be a group and let H and K be subgroups of G. Then H ∩K is a subgroup of G.

Theorem 2. Let G = sg(b), where ◦(b) = k. Then bm generates G if and only if m and k are relatively
prime.†

Theorem 3. Let G be a group and suppose that g ∈ G such that ◦(g) = n. Then ◦(g−1) = n, as well.

Theorem 4. Let G be a group such that a4ba = ba2 and a3 = e for all a, b ∈ G. Then G is abelian.

Theorem 5. Consider the group 〈Z,+〉 and let H be a subgroup of Z consisting of more than one element.
Then H has finitely many elements if and only if H has two elements.

Theorem 6. Suppose that G is an abelian group and let H = {g ∈ G : g2 = e}, where e is the identity
element in G. Then H is a subgroup of G.

Theorem 7. Let 〈G1, ∗〉 and 〈G2, ·〉 be two groups. Suppose f : G1 → G2 satisfies f(a ∗ b) = f(a) · f(b) for
all a, b ∈ G1, and define K = {a ∈ G1 : f(a) = e′}, where e′ is the identity in G2. Then K is a subgroup of
G1.

†This is Theorem 35 on page 12 of the course notes.
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