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3 Relations and Functions

3.3 Partitions

Remark 3.47. The upshot of Theorems 3.40 and 3.41 is that if ~ is an equivalence relation on a
set A, then ~ breaks A up into pairwise disjoint chunks, where each chunk is some R, for a € A.
Furthermore, each pair of elements in the same set of relatives are related via ~.

As we shall see shortly, equivalence relations are intimately related to the following concept.

Definition 3.48. A collection ) of nonempty subsets of a set A is said to be a partition of A if
the elements of 2 satisfy:

1. given X,Y € Q, either X =Y or X NY = () (we can’t have both at the same time), and

2. UX:A.

XeN

That is, the elements of 2 are pairwise disjoint and their union is all of A.

Example 3.49. The following are all examples of partitions of the given set. Perhaps you can find
exceptions in these examples, but please take them at face value.

1. men, women (set of people)

2. Democrat, Republican, Independent, Green Party, Libertarian, etc. (set of registered voters)
3. freshman, sophomore, junior, senior (set of high school students)

4. evens, odds (set of integers)

5. rationals, irrationals (set of real numbers)

Example 3.50. Let A = {a,b,c,d,e, f} and Q = {X;, X9, X3}, where X1 = {a}, Xo = {b,¢,d},
and X3 = {e, f}. Then Q is a partition of A since the elements of 2 are pairwise disjoint and their
union is all of A.

Exercise 3.51. Consider the set A from Example 3.50.

1. Find a partition of A that has 4 subsets in the partition.

2. Find a collection of subsets of A that does not form a partition.
Exercise 3.52. Find a partition of N that consists of 3 subsets.

Exercise 3.53. Let P be the set of prime numbers, IV be the set of odd natural numbers that are
not prime, and E be the set of even natural numbers. Explain why this is not a partition of N.

As you might suspect by now, there is a close connection between partitions and equivalence
relations, which the following theorem begins to make explicit.

Theorem 3.54 (*). Let ~ be an equivalence relation on a set A. Then ., forms a partition of A.
Exercise 3.55. Consider the equivalence relation
~={(1,1),(1,2),(2,1),(2,2),(3,3),(4,4), (4,5), (5,4), (6,6), (5,6), (6,5), (4,6), (6,4) }

on the set A =1{1,2,3,4,5,6}. Find the partition determined by Q..
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It turns out that we can reverse the situation, as well. That is, given a partition, we can form
an equivalence relation. Before proving this, we need a definition.

Definition 3.56. Let A be a set and 2 any collection of subsets from P(A) (not necessarily a
partition). If a,b € A, we will define a to be Q-related to b if there exists an R € () that contains
both a and b. This relation is denoted by ~q and is called the relation on A associated to 2.

Remark 3.57. This definition may look more awkward than the actual underlying concept. The
idea is that if two elements are in the same subset, then they are related. For example, when my
kids pick up all their toys and put them in the appropriate toy bins, we say that two toys are
related if they are in the same bin.

Exercise 3.58. Let A = {a,b,c,d,e, f} and let Q = {X1, X, X3}, where X; = {a,c}, X2 = {b, ¢},
and X3 = {d, f}. List the elements of ~q by listing ordered pairs or drawing a digraph.

Exercise 3.59. Let A and 2 be as in Example 3.50. List the elements of ~q by listing ordered
pairs or drawing a digraph.

Theorem 3.60 (*). Let A be a set and let  be a collection of subsets from P(A) (not necessarily
a partition). Then ~q is symmetric.

Exercise 3.61. Give an example of a set A and a collection € from P(A) such that the relation
~q is not reflexive.

Theorem 3.62 (*). Let A be a set and let Q2 be a collection of subsets from P(A). If U R=A,

ReQ
then ~q is reflexive.

Theorem 3.63 (*). Let A be a set and let §2 be a collection of subsets from P(A). If the elements
of ) are pairwise disjoint, then ~q is transitive.

Corollary 3.64 (*). Let A be a set and let Q2 be a partition of A. Then ~g is an equivalence
relation.

Remark 3.65. The previous corollary says that every partition determines a natural equivalence
relation. Namely, two elements are related if they are in the same equivalence class.

Exercise 3.66. Let A = {o, A, A,[J,l %, ©,®}. Make up a partition 2 on A and then draw the
digraph corresponding to ~q.
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