Course Notes for Introduction to Proof (Version 1.1)

2

Instructor: D.C. Ernst

Set Theory and Topology (Continued)

2.2

Power Sets

We’ve already seen that using union, intersection, set difference, and complement that we can create
new sets (in the same universe) from existing sets. In this section, we will describe another way to
generate new sets; however, the new sets will not “live” in the same universe this time.
Definition 2.28. If S is a set, then the power set of S is the set of subsets of S. The power set
of S is denoted P(S).
Remark 2.29. It follows immediately from the definition that A ⊆ S iff A ∈ P(S).∗
Example 2.30. If S = {a, b}, then P = {∅, {a}, {b}, S}.
Question 2.31. Implicit in the definition of power set is that S is a subset of some fixed universe
U . In what universe does P(S) live?
Exercise 2.32. For each of the following sets, find the power set.
1. W = {◦, 4, }
2. O = {a, {a}}
3. R = ∅
4. D = {∅}
Conjecture 2.33. How many subsets do you think that a set with n elements has? What if n = 0?
You do not need to prove your conjecture at this time. We will prove this later using mathematical
induction.
Exercise 2.34. Do your best to describe P(N). You cannot write down all of P(N). Why not?
Remark 2.35. It is important to realize that the concepts of element and subset need to be
carefully delineated. For example, consider the set A = {x, y}. The object x is an element of A,
but the object {x} is both a subset of A and an element of P(A). This can get confusing rather
quickly. Consider the set O from the previous example. The set {a} happens to be an element of
O, a subset of O, and an element of P(O).
Theorem 2.36 (*). Let S and T be sets. Then S ⊆ T iff P(S) ⊆ P(T ).†
Theorem 2.37 (*). Let S and T be sets. Then P(S) ∩ P(T ) = P(S ∩ T ).
Theorem 2.38 (*). Let S and T be sets. Then P(S) ∪ P(T ) ⊆ P(S ∪ T ).
Exercise 2.39. Let S and T be sets.
1. Provide a counterexample to show that it is not necessarily true that P(S)∪P(T ) = P(S ∪T ).
2. Is it ever true that P(S) ∪ P(T ) = P(S ∪ T ) or are P(S) ∪ P(T ) and P(S ∪ T ) always different
sets?
∗

Recall that “iff” is an abbreviation for ‘if and only if”, which is a statement of the form A ⇐⇒ B for propositions
A and B. Recall that this is short for both A =⇒ B and B =⇒ A.
†
To prove this theorem, you have to write two distinct subproofs: A =⇒ B and B =⇒ A.
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We now turn out attention to the issue of whether there is one mother of all universal sets.
Before reading any further, consider this for a moment. That is, is there one largest set that all
other sets are a subset of? Or, in other words, is there a set of all sets? To help wrap our heads
around this issue, consider the following riddle.
In Seville, the barber shaves all those and only those who do not shave themselves. Who
shaves the barber?
Problem 2.40. Discuss the “Barber of Seville” riddle. Does the barber shave himself or not?
The “Barber of Seville” riddle is an example of a paradox. Now, suppose that there is a set of
all sets and call it U. Then we can write U = {A : A is a set}.
Problem 2.41. Given our definition of U, explain why it is an element of itself.
If we continue with this line of reasoning, it must be the case that some sets are elements of
themselves and some are not. Let X be the set of all sets that are elements of themselves and let
Y be the set of all sets that are not elements of themselves.
Question 2.42. Does Y belong to X or Y ? Explain why this is a paradox.
The above paradox is one way of phrasing a paradox referred to as Russell’s paradox. Okay,
how did we get into this mess in the first place?! By assuming the existence of a set of all sets, we
can produce all sorts of paradoxes. The only way to avoid the paradoxes is to conclude that there
is no set of all sets. Here is some more evidence that we shouldn’t assume the existence of a set of
all sets.
Question 2.43. If U is the set of all sets, then what is the relationship between U and P(U)?
What about P(P(U)?
The upshot is that the collection of all sets is not a set! Moreover, there are lots of collections
that are not sets.
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