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2 Set Theory and Topology (Continued)

2.3 Indexing Sets

Suppose we wish to consider the following collection of open intervals:

(0, 1), (0, 1/2), (0, 1/4), . . . , (0, 1/2n−1), . . .

This collection has a natural way for us to “index” the sets:

I1 = (0, 1), I2 = (0, 1/2), . . . , In = (0, 1/2n−1), . . .

In this case the sets are indexed by the set N. The subscripts on the capital letters are taken from
the index set. If we wanted to talk about an arbitrary set from this indexed collection, we could
use the notation In.

Let’s consider another example:

{a}, {a, b}, {a, b, c}, . . . , {a, b, c, . . . , z}

An obvious way to index these sets is as follows:

A1 = {a}, A2 = {a, b}, A3 = {a, b, c}, . . . , A26 = {a, b, c, . . . , z}

In this case, the collection of sets is indexed by {1, 2, . . . , 26}.

Remark 2.44. Using indexing sets in mathematics is an extremely useful notational tool, but it
is important to keep straight the difference between the sets that are being indexed, the elements
in each set being indexed, the indexing set, and the elements of the indexing set.

Any set (finite or infinite) can be used as an indexing set. Often capital Greek letters are
used to denote arbitrary indexing sets and small Greek letters to represent elements of these sets.
For example, we might use ∆ (capital delta) to refer to an indexing set and write α ∈ ∆ for an
individual index. Typically, if the indexing set is some subset of Z (like N), then we would use
letters like k,m, n, l for an individual index. Likewise, if the indexing set is R, then we might use
s, t, x, y as indices.

Example 2.45. Here are some examples of common notation that you will encounter.

1. If ∆ is a set and we have a collection of sets indexed by ∆, then we may write

{Sα}α∈∆

to refer to this collection. We read this as “the set of S-alphas over alpha in Delta.”

2. If a collection of sets is indexed by the natural numbers, then we may write

{Un}n∈N

or
{Un}∞n=1.

3. Borrowing from this idea, we can write the collection {A1, . . . , A26} from the beginning of the
section as

{An}26
n=1.
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Definition 2.46. Suppose we have a collection {Aα}α∈∆.

1. The union of the entire collection is defined via⋃
α∈∆

Aα = {x : x ∈ Aα for some α ∈ ∆}.

2. The intersection of the entire collection is defined via⋂
α∈∆

Aα = {x : x ∈ Aα for all α ∈ ∆}.

Remark 2.47. In the special case that ∆ = N, we write

∞⋃
n=1

An = {x : x ∈ An for some n ∈ N}

and
∞⋂
n=1

An = {x : x ∈ An for all n ∈ N}.

Exercise 2.48. Let {In}n∈N be the collection of open intervals from the beginning of the section.
Find each of the following.

1.
⋃
n∈N

In

2.
⋂
n∈N

In

Exercise 2.49. Repeat the previous exercise, but assume that the sets are closed intervals.

Exercise 2.50. Let {An}26
n=1 be the collection from earlier in the section. Find each of the following.

1.
26⋃
n=1

An

2.
26⋂
n=1

An

Exercise 2.51. Let Sn = {x ∈ R : n− 1 < x < n}. Find each of the following.

1.
∞⋃
n=1

Sn

2.

∞⋂
n=1

Sn

Exercise 2.52. Let Tn = {x ∈ R : − 1
n < x < 1

n}. Find each of the following.

1.

∞⋃
n=1

Tn
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2.

∞⋂
n=1

Tn

Exercise 2.53. For each r ∈ Q (the rational numbers), let Nr be the set containing all real numbers
except r. Find each of the following.

1.
⋃
r∈Q

Nr

2.
⋂
r∈Q

Nr

Definition 2.54. We say that a collection of sets {Aα}α∈∆ is pairwise disjoint if Aα ∩ Aβ = ∅
whenever α 6= β.

Exercise 2.55. Draw a Venn diagram of a collection of 3 sets that are pairwise disjoint.

Exercise 2.56. Provide an example of a collection of three sets, say {A1, A2, A3}, such that the
collection is not pairwise disjoint, but

3⋂
n=1

An = ∅.

Theorem 2.57 (*, Generalized Distribution of Union and Intersection). Suppose we have a col-
lection {Aα}α∈∆. Let B be any set. Then

1. B ∪

(⋂
α∈∆

Aα

)
=
⋂
α∈∆

(B ∪Aα),

2. B ∩

(⋃
α∈∆

Aα

)
=
⋃
α∈∆

(B ∩Aα).

(You only need to prove one of these; the other is similar.)

Theorem 2.58 (*, Generalized DeMorgan’s Law). Suppose we have a collection {Aα}α∈∆. Then

1.

(⋃
α∈∆

Aα

)C
=
⋂
α∈∆

ACα ,

2.

(⋂
α∈∆

Aα

)C
=
⋃
α∈∆

ACα .

(You only need to prove one of these; the other is similar.)
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