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Instructor: D.C. Ernst

Set Theory and Topology (Continued)

2.4

Basic Topology of R

Remark 2.59. For this entire section, our universe of discourse is the set of real numbers. You
may assume all the usual basic algebraic properties of the real numbers (addition, subtraction,
multiplication, division, commutative property, distribution, etc.).
Recall that an axiom is a statement that we assume to be true. Here are some useful axioms
of the real numbers.
Axiom 2.60. If p and q are two different real numbers in R, then there is a number between them.
Exercise 2.61. Given real numbers p and q with p < q, construct a real number x such that
p < x < q. (We know such a point must exist by the previous example, but this exercise is asking
you to produce an actual candidate.)
Axiom 2.62. (Linear ordering) If a, b, and c are real numbers, then:
1. If a < b and b < c, then a < c;
2. Exactly one of the following is true: (i) a < b, (ii) a = b, or (iii) a > b.
Axiom 2.63. If p is a real number, then there exists q, r ∈ R such that q < p < r.
Axiom 2.64. (Archimedean Property) If x is a real number, then either (i) x is an integer or (ii)
there exists an integer n, such that n < x < n + 1.
Definition 2.65. Suppose a, b ∈ R such that a < b. The intervals (a, b), (−∞, b), (a, ∞) are called
open intervals while the interval [a, b] is called a closed interval.
Remark 2.66. In this class, we will always assume that any time we write (a, b), [a, b], (a, b], or
[a, b) that a < b.
Exercise 2.67. Give an example of each of the following:
1. an open interval
2. a closed interval
3. an interval that is neither open or closed
4. an infinite set that is not an interval
Definition 2.68. A set U is called an open set iff for every t ∈ U , there exists an open interval
containing t such that the open interval is a subset of U . We define the empty set to be open.
Problem 2.69. Prove that the set I = (1, 2) is an open set.
Theorem 2.70 (*). Every open interval is an open set.
Theorem 2.71. The real numbers form an open set.
Theorem 2.72 (*). Every closed interval is not an open set.
Theorem 2.73. Let x ∈ R. Then the set {x} is not open.
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Exercise 2.74. Determine whether {4, 17, 42} is an open set, and briefly justify your assertion.
Theorem 2.75 (*). Let A and B be open sets. Then A ∪ B is an open set.
Theorem 2.76 (*). Let A and B be open sets. Then A ∩ B is an open set.
Theorem 2.77 (*). Let {Uα }α∈∆ be a collection of open sets. Then
[
Uα
α∈∆

is an open set.
Exercise 2.78.
1. Find a collection of open sets {Uα }α∈∆ such that
\
Uα
α∈∆

is not an open set.
2. Find a collection of open sets {Bα }α∈∆ such that
\
Bα
α∈∆

is an open set.
Remark 2.79. Taken together, Theorems 2.75–2.77 and Exercise 2.78 tell us that the union of
open sets is open, but that the intersection of open sets may or may not be open. However, if we
are taking the intersection of finitely many open sets, then the intersection will be open.
Exercise 2.80. Provide an example of an open set that is not an open interval.
Exercise 2.81. Determine whether each of the following sets is open or not open.

∞ 
[
1
1. W =
n − ,n
2
n=2


∞ 
\
1 1
2. X =
− ,
n n
n=1

Definition 2.82. A point p is a limit point of the set S iff for every open interval I containing
p, there exists a point q ∈ I such that q ∈ S with q 6= p.
Problem 2.83. Consider the open interval S = (1, 2). Prove each of the following.
1. The point p = 2 is a limit point of S.
2. If p ∈ S, then p is a limit point of S.
3. If p < 1 or p > 2, then p is not a limit point of S.
Theorem 2.84 (*). A point p is a limit point of (a, b) iff p ∈ [a, b].
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Problem 2.85. Prove that the point p = 0 is a limit point of S = { n1 : n ∈ N}. Are there any
other limit points?
Exercise 2.86. Provide an example of a set S such that 1 is a limit point of S, 1 6= S, and S
contains no intervals.
Exercise 2.87. Provide an example of a set T with exactly two limit points.
Theorem 2.88. If p ∈ R, then p is a limit point of Q.
Definition 2.89. A set is called closed iff it contains all of its limit points.
Exercise 2.90. Provide an example of each of the following. You do not need to prove that your
answers are correct.
1. A closed set.
2. A set that is not closed.
3. A set that is open and closed.
4. A set that neither open or closed.
Theorem 2.91 (*). The set [a, b] is closed.
Theorem 2.92. The set U is open iff U C is closed.
Theorem 2.93 (*). Every finite set is closed.
Theorem 2.94. The real numbers are both open and closed.
Theorem 2.95. The rational numbers are neither open or closed. (You may use the fact that
between any two rational numbers, there exists an irrational number.)
Theorem 2.96. The empty set is both open and closed.
Theorem 2.97 (*). Let {Aα }α∈∆ be a collection of closed sets. Then
\
Aα
α∈∆

is a closed set.
Exercise 2.98. Provide an example of a collection of closed sets {Aα }α∈∆ such that
[
Aα
α∈∆

is a not closed set.
Problem 2.99. Let A and B be closed sets. Determine whether A ∪ B is necessarily closed and
prove that your answer is correct.
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