
MAT 511 - Fall 2015 Due Friday, September 4

Homework 1
Abstract Algebra I

The following problems are meant to be a review of content that you are in theory expected
to know, but I don’t actually expect you do be able to do all of these exercises without some
struggle. Most of the content should look familiar (but if most of it doesn’t look familiar, we
should chat). We’ll use many of the ideas of these problems later in the course. However, I’ve
included a couple of the problems because I think they are good warm-up exercises.

If notation and/or terminology is unfamiliar to you, please ask for clarification.

Problem 1. Let M2×2(R) be the set of 2× 2 matrices with real number entries. Define

A =
[
1 1
0 1

]
and B = {X ∈M2×2(R) | AX = XA}.

(a) Find 3 matrices that are in B or explain why this is impossible.

(b) Prove that if X,Y ∈ B, then X +Y ∈ B.

Problem 2. Let X be a nonempty set. Prove one of the following.

(a) If ∼ defines an equivalence relation on X, then the set of equivalence classes of ∼ forms
a partition of X.

(b) If {Pk}k∈I is a partition of X, then there is an equivalence relation on X whose equivalence
classes are exactly the sets Pk .

Problem 3. Let f : X→ Y , where X and Y are finite sets. Prove that if X and Y have the same
cardinality (i.e., |X | = |Y |), then f is a bijection iff f is 1-1 iff f is onto.

Problem 4. Determine whether each of the following functions is well-defined. Justify your
answer.

(a) f : Q→ Z defined via f (a/b) = a.

(b) g : Q→Q defined via g(a/b) = a2/b2.

(c) h : R+ → Z, where h(r) is equal to the first digit to the right of the decimal point in a
decimal expansion of r.

Problem 5. Let f : X→ Y be a surjection. Define ∼ via

x ∼ y iff f (x) = f (y).

Prove that ∼ is an equivalence relation, where each equivalence class corresponds to the in-
verse image of a point in Y .
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Problem 6. Let n be a fixed positive integer. Define ≡n on Z via

a ≡n b iff n | (b − a).

It turns out that ≡n is an equivalence relation (you may take this for granted). If a ≡n b, then
we say, “a is congruent to b mod n.” The equivalence classes determined by ≡n are defined via

a = {a+ kn | k ∈ Z}.

There are precisely n equivalence classes mod n, namely 0,1, . . . ,n− 1 determined by the pos-
sible remainders after division by n. We denote the collection of equivalence classes mod n by
Z/nZ. For a,b ∈ Z/nZ, we define modular addition via

a+ b = a+ b.

Prove that modular addition is well-defined.
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