
MAT 526 - Spring 2021 Due Monday, February 8

Homework 6
Combinatorics

You are allowed and encouraged to work together on homework. Yet, each student is expected to
turn in his or her own work. In general, late homework will not be accepted. However, you are
allowed to turn in up to two late homework assignments with no questions asked. When doing
your homework, I encourage you to consult the Elements of Style for Proofs. Unless otherwise
indicated, submit each of the following assignments via BbLearn by the due date. You will need
to capture your handwritten work digitally and then upload a PDF to BbLearn. There are many
free smartphone apps for doing this. I use TurboScan on my iPhone.

Reviewing material from previous courses and looking up definitions and theorems you may have
forgotten is fair game. However, when it comes to completing assignments for this course, you
should not look to resources outside the context of this course for help. That is, you should not be
consulting the web, other texts, other faculty, or students outside of our course in an attempt to
find solutions to the problems you are assigned. This includes Chegg and Course Hero. On the
other hand, you may use each other, the textbook, me, and your own intuition. If you feel you
need additional resources, please come talk to me and we will come up with an appropriate
plan of action. Please read NAU’s Academic Integrity Policy.

Complete the following problems.

1. Recall the definition of multiset given in Problem 3 on Homework 5. For fixed n ∈ N, let
Mn(t) denote the generating function for the number of multisets of [n] of size k:

Mn(t)B
∑
k≥0

((
n
k

))
tk .

Also, defineMn B {A | A is a multiset on[n]}.

(a) Explain why Mn(t) =
∑
A∈Mn

t|A|, where |A| is the size of the multiset A.

(b) Explain why
∑
A∈Mn

t|A| = (1 + t + t2 + · · · )n.

(c) Explain why Mn(t) =
1

(1− t)n
.

Hint: For part (b), notice that if you were to expand (1 + t + t2 + · · · )n, each resulting term
(prior to collecting like terms) corresponds to choosing a term from each of the n factors
and then multiplying them together. Each such product of choices corresponds to a unique
multiset. In particular, think of the ith factor of (1 + t + t2 + · · · )n as corresponding to i ∈ [n].
Choosing tj in the ith factor corresponds to having i occur with multiplicity j in a multiset.

2. Complete Problem 1.12 from textbook.

3. Complete any three of Problems 1.6(1), 1.6(2), 1.7, 1.8 from textbook.

4. We define a barred permutation on n as follows. Given w ∈ Sn, we must place at least one
vertical bar after each descent position and we can place finitely many additional vertical
bars in gaps that do not correspond to descents. For example, 1|5|237||46 is a barred permu-
tation with 4 vertical bars. A single vertical bar was required after 5 and 7, respectively, and
the other two bars were optional.
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(a) Explain why there is a one-to-one correspondence (i.e., bijection) between the collection
of barred permutations on n with k bars and the collection of configurations of n labeled
balls into k + 1 labeled boxes.

(b) Fix n ∈ N. Prove that the generating function for the number of barred permutations
that have a fixed w ∈ Sn as their underlying permutation is given by

tdes(w)

(1− t)n+1 .

Hint: As an example, the barred permutation 1|5|237||46 corresponds to placing 7 balls into
5 boxes such that the first box contains ball 1, the second box contains ball 5, the third box
contains balls 2, 3, 7, the fourth box is empty, and the fifth box has balls 4 and 6. The
underlying permutation for this example is w = 1523746. For part (b), mimic the approach
we took in Problem 1(b). Utilize a factor of 1 + t + t2 + · · · when there is no descent and a
factor of t + t2 + t3 + · · · if there is a descent.
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