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ABSTRACT

ARCHITECTURE OF BRAID GRAPHS IN COXETER SYSTEMS
ALLISON MICHELLE PARI

Any two reduced expressions for an element of a Coxeter group are related
by a sequence of commutation and braid moves. Two reduced expressions are
called braid equivalent if they are related by a sequence of only braid moves.
Braid equivalence is an equivalence relation, and the corresponding equivalence
classes are called braid classes. The braid class for a reduced expression can be
encoded in a graph, called a braid graph, in a natural way. In a paper by Barnes,
Breland, Ernst, and Perry, the authors proved that in a Coxeter system that
is simply laced and triangle free (i.e., the corresponding Coxeter graph contains
no three-cycles), every braid graph is median. In this thesis, we extend this
result and prove that every braid graph in a Coxeter system whose corresponding
Coxeter graph contains no three-cycles with the labels 3,3, m > 3 is median. To
that end, we also generalize the theory presented in the aforementioned paper
and a paper by Awik, Breland, Cadman, and Ernst. Many of the proofs and
theorem statements in this thesis take inspiration from research done by three
undergraduate students Atillio, Patrick, and Wilmer, under the guidance of Ernst

during the 2024-2025 academic year.
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Chapter 1

Required graph theory

In this chapter, we discuss the graph theory concepts and terminology necessary to un-
derstand the results of this thesis. All of the graphs discussed throughout this thesis are
assumed to be undirected, finite, connected, and simple. We will denote the vertex set of a
graph G as V(G) and the edge set as E(G).

Let G be a graph and let S C V(G). The graph whose vertex set is .S and whose edges
are all the edges of G incident to vertices in S is called the subgraph induced by S, denoted
G[S].

Example 1.1. Consider the subgraphs depicted in blue in Figure 1.1. The subgraph in
Figure 1.1(a) is induced by S = {a,b,c,d, f} while the subgraph in Figure 1.1(b) is not
induced by T' = {a, b, c,d, e} since the edge {b, e} is absent from the subgraph.

Figure 1.1: An example and non-example of an induced subgraph as described in Exam-
ple 1.1.

For graphs G and H, a graph homomorphism f: G — H is a function f: V(G) — V(H)
that satisfies {u,v} € E(G) implies { f(u), f(v)} € E(H). An injective graph homomorphism
f: G — H is called an embedding of G into H. Additionally, if f is such that {u,v} € E(G)
whenever {f(u), f(v)} € E(H), then we say that f is an induced embedding. If f is an
induced embedding, then G is isomorphic to the subgraph of H induced by the image of f.



Example 1.2. The embedding depicted in Figure 1.2(a) is an induced embedding while the
map shown in Figure 1.2(b) is not an induced embedding since {g(b), g(e)} € E(H) while

{b,e} ¢ E(G).

G av¢ G ao
b H  flo b H g
f @ o f(d)  fle) g 9@ g(b) g(d)
c > O c > o
d d g(e)
(a) (b)

Figure 1.2: An induced embedding and an embedding that is not induced as described in
Example 1.2.

In this thesis, we use the notion of distance between two vertices of a graph to establish
several results. A geodesic in a graph G between two vertices u and v is a shortest path
between v and v. We define the distance between u and v via

dg(u,v) := the length of any geodesic between u and wv.

Note that we will simply write d(u,v) in place of dg(u,v) when the context is clear. Using
the given distance metric, we define the diameter of G to be

diam(G) := max{d(u,v) : u,v € V(G)}.

In other words, diam(G) is the length of the longest geodesic between pairs of vertices in G.
If d(u,v) = diam(G), then u and v are said to be diametrical.

Let G and H be graphs and let f : G — H be an embedding. We say that f is an
isometric embedding if for all u,v € V(G), dg(u,v) = dg(f(u), f(v)); that is, f is distance
preserving. It is not too hard to see that preserving distance also preserves adjacency, so
every isometric embedding is also an induced embedding. We say that G is isometric to the
subgraph induced by the image of f. The example below illustrates that not every induced
embedding is an isometric embedding.

Example 1.3. The induced embedding ¢ depicted in Figure 1.3 is not an isometric embed-
ding because dg(a,e) = 4 while dy(g(a), g(e)) = 2.
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Figure 1.3: An embedding that is induced but not isometric.

Let G7 and G5 be graphs. The box product, denoted G1[Gs, is the graph whose vertex
set is V(G1) x V(G2) and there is an edge from (xy,y1) to (x2,y2) provided either:

(a) x; = x5 and there is an edge from y; to ys in Go, or
(b) y1 = y2 and there is an edge from x; to z3 in G.

In this thesis, we are particularly interested in how a graph can be decomposed with
respect to the box product.

Example 1.4. Figure 1.4 depicts an example of the box product operator. We colored the
graphs to help illustrate how the two graphs create the box product graph.

Figure 1.4: An example of the box product of graphs.

For n € NU {0}, the hypercube @, is the graph with vertex set V(Q,) = {0,1}" and
two vertices are adjacent when their corresponding binary strings differ by exactly one digit.
Note that the empty string is the only string of length n = 0, so that )y consists of a single
vertex. A graph G is a partial cube if it can be isometrically embedded in some hypercube
Q.. Note that the isometric dimension of a partial cube G is defined as the minimum

dimension of the hypercube into which the partial cube can be isometrically embedded, and
is denoted dim;(G).



The rest of this chapter mimics the development in [8] and [9]. We now define the notion
of a semicube, which is an important feature used in the major result of this thesis. Let G
be a graph and let u and v be distinct vertices. Define W, , C V(G) via

Wy ={w € V(G) : d(w,u) < d(w,v)}.

That is, W,,, is the set of vertices in G that are closer to u than v. Symmetrically, W, ,, is
the set of vertices that are closer to v than u. Note that it is possible for some vertices to
not be in either semicube, namely the ones equidistant from u and v. Inspired by the role
these play in partial cubes, both the subgraph G[W, ] and the set W, , are referred to as a
semicube of G. The two semicubes W, ,, and W, ,, are called opposite semicubes. Note that
the definition of semicubes does not require {u,v} € E(G), but in this thesis we only deal
with the case in which {u,v} € E(G).

We also define an important subset of a semicube of G. If G is a graph and {u,v} € F(G),
then we define the following set:

Uy :={w € W,, : w is adjacent to a vertex in W, ,}.

That is, U, is the set of vertices that are closer to u than v and adjacent to a vertex in the
opposite semicube W, ,,.

Example 1.5. Figure 1.5 depicts a partial cube. The opposite semicubes W, ,, and W, ,, are
highlighted in and , respectively. Also, note that U, , = W,,, in this case, but
U, is properly contained in W, ,,, and is highlighted in grey.

O

G

AL -
w//v

Figure 1.5: A partial cube with the semicubes W, , and W, , and the sets U,, and U,,
highlighted.

The next proposition is from [9]. It states that if {u,v} € E(G), then all vertices in W, ,,
are exactly one step further from v than v in G.

Proposition 1.6. Let G be a graph. If w € W,, for some edge {u,v} € E(G), then
d(w,v) = d(w,u) + 1. Moreover, W, , = {w € V(G) : d(w,v) = d(w,u) + 1}.
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Now, we will focus on median graphs, a prominent idea in this thesis. Let G be a graph.
The interval between vertices u and v, denoted I(u, v), is the union of vertices on all geodesics
between v and v. A graph G is median if

card(I(u,v) N I(u,w) N I(v,w)) =1

for all u,v,w € V(G). In other words, G is median if there is a unique vertex z that
simultaneously lies on a geodesic between u and v, a geodesic between v and w, and a
geodesic between v and w for all triples u,v,w. If G is a median graph, then we will let
med (u, v, w) denote the unique vertex in I(u,v) N I(u,w) N I(v,w).

Example 1.7. The shading in Figures 1.6(a) and 1.6(b) depicts I(u,v) in pink, I(v,w) in
blue, and I(u,w) in . In Figure 1.6(a), we see that all three colors overlap at the vertex
x, illustrating that card(/(u,v) N I(u,w) N I(v,w)) = 1 implying that med(u,v,w) = z. It
turns out that for any three vertices in this graph, the intervals between any pair of the
three will overlap at one vertex. Thus, the graph given in Figure 1.6(a) is median. On the
other hand, in Figure 1.6(b), we see that there is no vertex common to all of these intervals.
Hence, I(u,v)NI(u,w)NI(v,w) =0, and so the graph in Figure 1.6(b) is not median. Note
that one can construct non-median graphs where card(I(u,v) N I(u,w) N I(v,w)) > 2.

(a) (b)

Figure 1.6: Examples of a median graph and non-median graph from Example 1.7.

The following proposition is from [10], and it asserts that every median graph is also a
partial cube.

Proposition 1.8. If a graph G is median, then G is a partial cube.

It turns out, however, that if a graph G is a partial cube, then G is not necessarily
median. The next example illustrates this.

Example 1.9. A cycle graph with six vertices can be isometrically embedded into a hyper-
cube of dimension three, and is therefore a partial cube. However, as shown in Example 1.7,
this graph is not a median graph, so the converse of Proposition 1.8 does not hold.



The following result is well known, for example see [4], and states that the collection of
median graphs is closed under the box product operation.

Proposition 1.10. If G; and GG, are median graphs, then G10G5 is median.

A subset S C V(G) is convez in G if every vertex on every geodesic connecting a pair of
vertices in S is contained in S. That is, S is closed under geodesics. Note that since G is
connected, if C' C V(G) is convex, then G[C] is connected, as well.

Example 1.11. In Figure 1.5, notice that the vertex set U, ,,, highlighted in grey, is convex
while the vertex set {u,v,w} is not because it does not contain the vertex x, which lies on
a geodesic between v and w.

To conclude this chapter on graphs, we discuss peripheral expansions and their relation-
ship to median graphs. Given a graph G and a convex set C' C V(G), we define the peripheral
expansion of G along C' as follows:

e Start with the graph G;

e Make an isomorphic copy of G[C], denoted G, where each u € C corresponds to
u e C' =V (Gy);

e For each u € C, join u and ' with an edge.

The illustration given in Figure 1.7 shows a rough depiction of the process described
above. The vertices in G[C] mirror the vertices in the o, and each pair of vertices
u and v/, are connected by a black edge. The rectangles G|C] and G, are drawn the same
size to indicate the isomorphism between the two graphs: {u,v} € E(G[C]) if and only if
{u',v'} € E(G). When G is a partial cube, the blue G and ¢ are opposite semicubes
and the black edges joining each u and u' pair essentially exhibit the isomorphism. Notice
that, in this case, U, = G[C] and Uy, = G.

Example 1.12. Notice that we can obtain the graph G in Figure 1.5 by doing a peripheral
expansion of G[W,,] along U, ,,.

Example 1.13. Figure 1.8 illustrates a sequence of peripheral expansions. The grey high-
lighted portion of each subfigure shows which subgraph is playing the role of G[C]. Each
subsequent graph represents the graph obtained when the peripheral expansion is performed
on the grey portion.

The following theorem from [8] is sometimes referred to as Mulder’s Theorem, and it states
that a median graph can always be obtained through a sequence of peripheral expansions
that begin from a single vertex.

Proposition 1.14. A graph G is median if and only if it can be obtained from a single
vertex by a sequence of peripheral expansions.

Example 1.15. Proposition 1.14 implies that each graph in Figure 1.8 is median.



G[C] GL,

Figure 1.7: A rough illustration of the peripheral expansion process.

(d) ()

Figure 1.8: A sequence of peripheral expansions starting from a single vertex.



Chapter 2

Braid classes and braid graphs in
Coxeter systems

This chapter introduces Coxeter systems, braid classes, and the braid graphs corresponding
to braid classes.

For n € N, a Cozeter matriz is an n x n symmetric matrix M = (m;;) with entries
m;; € NU{oo} such that m; =1 for all 1 <i <n and m;; > 2 for i # j. A Cozeter system
is a pair (W, S) where S = {s1,82,...,5,} is a set of generators and W is a group, called a
Cozxeter group, with presentation

W = <81,827 ey Syt (Sisj)m(si,sj) _ 6>,

where m(s;, s;) := m;; for some n x n Coxeter matrix M = (m;;). For s,t € S, the condition
m(s,t) = oo means that there is no relation imposed between s and ¢. In [7], it is shown
that the elements of S are distinct as group elements and for s # ¢, m(s,t) is the order of
st. Since elements of S have order two, the relation (st)™* = e can be written as

StS"':tSt"'
S~ =
m(s,t) m(s,t)

with m(s,t) > 2 letters. When m(s,t) = 2, st = ts is called a commutation relation and
when m(s,t) > 3, the corresponding relation is called a braid relation. For m(s,t) < oo, the
replacement

Sts--—> 18t

—— N——"

m(s,t) m(s,t)
is called a commutation move if m(s,t) = 2 and a braid move if m(s,t) > 3.

We can visually encode the information given in a Coxeter system into a Cozxeter graph,

', having vertex set S and edges {s, ¢} for each m(s,t) > 3. Moreover, each edge is labeled
with the corresponding m(s,t). Note that the labels of 3 are often omitted because they
are the most common. We say that (W, S), or just W, is of type I', and we may denote the
Coxeter group as W(I') and the generating set as S(I') for emphasis.
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A Coxeter system is simply laced if for all s,t € S, m(s,t) < 3. That is, a Coxeter system
is said to be simply laced if the generators have either a commutation relation or a braid
relation of length 3 imposed upon them.

Example 2.1. The Coxeter graphs given in Figure 2.1 correspond to four common Coxeter
systems. Using the Coxeter graphs, we can determine the defining relations between the
generators of these Coxeter systems. Below we elaborate on these types.

(a) The Coxeter system of type A, is given by the Coxeter graph in Figure 2.1(a). The
Coxeter group W (A,,) has generating set S(A,) = {s1, s2, ..., S, } with defining relations

e s? = e for all i;
e s5;5; = s;5; when |i — j| > 1;
® s;5;8; = s;5;5; when |1 — j| = L.

The Coxeter group W (A,,) is isomorphic to the symmetric group S, ;1 under the mapping
that sends s; to the adjacent transposition (4,7 + 1).

(b) The Coxeter system of type D,, is given by the Coxeter graph in Figure 2.1(b). The
Coxeter group W(D,,) has generating set S(D,) = {si,S2,...,5,} and has defining
relations

o s? = for all i;
o s;5;,=s;s; if [i—j|>1andi,j#1,orifi=1and j# 3;

® 515351 = S35153 and s;5;8; = §;8;8; if [t — j| = 1.

The Coxeter group W(D,) is isomorphic to the index two subgroup of the group of
signed permutations on n letters having an even number of sign changes.

(¢) The Coxeter system of type A, depicted in Figure 2.1(c) turns out to yield an infinite
Coxeter group.

(d) All of the Coxeter systems determined by the graphs in the aforementioned figure are
simply laced, except for type Fy in Figure 2.1(d) since m(ss, s3) = 4.

If a Coxeter graph I' contains no three-cycles, we say that the corresponding Coxeter
system (W, .S) is triangle free. A Coxeter system that is both simply laced and triangle free
is said to be of type A. In [1] and [2], the focus was on Coxeter systems of type A, but in
this thesis we focus on Coxeter systems of a more general type. We no longer require that
the Coxeter graph I' be triangle free or simply laced, but we do require that I' not contain
any three cycles with the edges labeled 3, 3, and m, for any m > 3. We call this kind of
Coxeter system (3,3, m)-avoiding, or simply 2&-avoiding.



(a) Ap (n > 1) (b) Dy, (n>4)
3n+1
S1 52 53 Sp—1  Sn 8'1 8-2 8-3 3'4
(c) Ap (n>2) (d) Fy

Figure 2.1: Examples of common Coxeter graphs.

Example 2.2. Notice that Coxeter graphs depicted in Figures 2.1(a) and 2.1(b) are both
type A and 2-avoiding. Except when n = 2, the Coxeter graph in Figure 2.1(c) is of type
A and 2-avoiding. The Coxeter graph in Figure 2.1(d) is triangle free and 2-avoiding. The
Coxeter graph depicted in Figure 2.2 is another example of a graph that is not 2&-avoiding,
and it will be referenced later on in this thesis.

1 5 2

Figure 2.2: The Coxeter graph of type I'y.

Consider a Coxeter system (W, S). Define S* to be the free monoid on S. We call
Q= 83,84, " * Sz, € S* a word while a factor of ais a word of the form sz, 54,,, =+ Sz, Sz,
for1 <i<j<m. Now,letw e W. lf @ =5,,5:, Sz, €5"isequal to w when considered
as an element of the group W, we say that a is an ezpression for w. If m is minimal among
all possible expressions for w, we say that a is a reduced expression for w. We define the
length of w, denoted ¢(w), to be the number of letters in a reduced expression. We will also
say that any reduced expression a for w has length () := ¢(w). Note that any factor of a
reduced expression is also reduced. We denote the set of all reduced expressions for a group
element w € W by R(w). For brevity, if we are considering a particular labeling of a Coxeter
graph, we will replace s; with i.

The following proposition from [5] is commonly referred to as Matsumoto’s Theorem,
and it describes the relationships between any two reduced expressions for a single group
element.
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Proposition 2.3. In a Coxeter system (W, S), any two reduced expressions for the same
group element differ by a sequence of commutation and braid moves.

Matsumoto’s Theorem naturally leads to a graphical representation of the collection of
reduced expressions for an element of a Coxeter group. Let (W, .S) be a Coxeter system and
let w € W. The Matsumoto graph G(w) is defined to be the graph whose vertex set is R(w),
where two vertices a and 3 are connected by an edge if and only if o and 3 are related via a
single commutation or braid move. Temporarily, we will color an edge pink if it corresponds
to a commutation move and we will color an edge blue if it corresponds to a braid move.
Matsumoto’s Theorem implies that G(w) is connected.

Example 2.4. Consider the reduced expression v, = 12132434 for some w in the Cox-
eter system of type Fy. There are 14 reduced expressions in R(w) and the corresponding
Matsumoto graph G(w) is given in Figure 2.3. The edges of G(w) show how pairs of re-
duced expressions are related via commutation or braid moves. We have used overlines and
underlines to clarify the locations where braid moves may occur.

23123423

21323423 23123243

21323243

[\

~; = 12132434

21232343

21232434 12132343

V]

1234234 12312343

12134234 12312434

12314234

o]
12341234

Figure 2.3: The Matsumoto graph for the group element from Example 2.4 in the Coxeter
system of type Fj.

In [3], Bergeron, Ceballos, and Labbé proved that every cycle in a Matsumoto graph
for finite Coxeter groups is of even length. This result was extended to arbitrary Coxeter
systems in [6]. As a result of this fact, we get the following proposition.

Proposition 2.5. If (W, S) is a Coxeter system and w € W, then G(w) is bipartite.
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Take (W, S) to be a Coxeter system and let w € W. In light of Matsumoto’s Theorem,
we can restrict to braid moves and define ~; via a ~; 3 if a may be obtained from 3 by
applying a single braid move of the form

Sts---—>tst---
—— ——
m(s,t) m(s,t)

with m(s,t) > 3. We define the equivalence relation ~, by taking the reflexive and transitive
closure of ~;, and call each equivalence class under =, a braid class, denoted [a]. If two
reduced expressions are in the same braid class, we say that these expressions are braid
equivalent. In addition to [1] and [2], braid classes have appeared in the work of Bergeron,
Ceballos, and Labbé [3] while Zollinger [11] provided formulas for the cardinality of braid
classes in the case of Coxeter systems of type A,,. Unlike the analogous commutation classes,
braid classes have received little attention until recently.

Example 2.6. We describe five different braid classes below. Note that we have used
overlines and underlines to clarify where braid moves may occur.

(a) Considering the Coxeter system of type I'y given in Figure 2.4, one can show that the
expression a; = 21213232 is reduced and its braid class consists of the following reduced
expressions:

o = 21213232, oy = 12123232, a3 = 12132323.

1 2 3 4 5 6

Figure 2.4: The Coxeter graph of type I's.

(b) Again, considering the Coxeter system of type 'y, the expression 8, = 212132324356565
is reduced and its braid class consists of the following reduced expressions:

B, = 212132324356565, B, = 121232324356565, B = 121323234356565,

B, = 121323243456565, B35 = 212132324365656, B¢ = 121232324365656,
B, = 121323234365656, B = 121323243465656.

(c) Now, consider the Coxeter system of type Fy from Figure 2.1(d). Recall the reduced
expression v, = 12132343 from Example 2.4. Its braid class consists of the following
reduced expressions:

Y1 = 12132434, v, = 21232434, 3 = 12132343, v, = 21232343, -5 = 21323243.

12



(d) Next, we consider the Coxeter system of type I's given in Figure 2.5 and the reduced
expression 01 = 3232143454. Its braid class consists of the following reduced expressions:

54, §, = 2323143454, 3 = 3232134354, &, = 2323134354,

6, = 323214

05 = 2321314354, d¢ = 3232143545, §7 = 2323143545.

1

N
3 4 5 6

2

Figure 2.5: The Coxeter graph of type I's.

(e) Lastly, consider the Coxeter system of type I'y; given in Figure 2.2 and the reduced
expression v = 12121312121. The braid class consists of the following reduced expres-
sions:

v, = 12121312121, vy = 12123132121, vy = 21212312121,

vy = 12121321212, vs = 21212321212, vg = 21213231212.

This thesis focuses heavily on how braid classes can be represented graphically. Recall
that we color the edges representing braid moves in a Matsumoto graph blue. Focusing on the
maximal blue connected components of a Matsumoto graph yields graphical representations
of the corresponding braid class. Each maximal blue connected component defines a braid
graph for a braid class. More formally, for a reduced expression «, the braid graph of a,
denoted B(a), is the graph whose vertex set is [a] and 3, € [a] are connected by an edge
if and only if v and 3 are related by a single braid move. Braid graphs are defined with
respect to a fixed reduced expression (or braid class) as opposed to the corresponding group
element. If a and B are braid equivalent, then B(a) = B(8). On the other hand, if @ and
(3 are related via a commutation move, then B(a) # B(3) but they might be isomorphic.

Example 2.7. The braid graphs B(a), B(8,), B(7v;), B(d1), and B(v) corresponding to
the reduced expressions in Example 2.6 are depicted in Figure 2.6.

The next proposition is a direct result of Proposition 2.5.

Corollary 2.8. If (W, S) is a Coxeter system and « is a reduced expression for w € W,
then B(a) is bipartite.

13



B1 o—9 Bs

o By o——0 Be M
Y3 Y2
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Figure 2.6: Braid graphs generated by the various reduced expressions in Example 2.6.
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Chapter 3

Structure of reduced expressions in
braid classes

Throughout this chapter, assume (W, 5) is a Coxeter system.

For natural numbers ¢ < j, define the interval [i, j] := {i,i+1,...,7 — 1,j}. Note that
li,i] = {i}. Let o = s4, 84, - Sz, be a reduced expression for w € W. We define the
support of a over [i, j] via

suppy; (@) = {8z, : k € [, 51}

and the support of the braid class [a] over [, 5] via

supp;;1([e]) == | suppp;1(8).
Bela]

That is, suppy; ;1 () is the set of the generators that appear in consecutive positions i through
j of a while suppy; ;;([e]) is the set of the generators that appear in these positions for any
reduced expression braid equivalent to a.

Example 3.1. Recall the reduced expression «; from Example 2.6(a). One can calculate
the following supports of the reduced expression a; and the braid class [a;]:

suppyy qp(a1) = {1,2}, suppp 4([ea]) = {1,2,3}.

Observe that the support over an interval across the braid class of a reduced expression need
not always match the support for a given reduced expression in the class.

Generalizing from the simply-laced case given in [1], we call an interval I = [i, j]| a braid
shadow for a reduced expression e if there exists s,t € S such that supp;(a) = {s,t} and
j+1—i=m(s,t) > 3. That is, [ is a braid shadow for a if we have the opportunity to
perform a braid move over the interval I. We denote the collection of braid shadows for «

15



by S(a). In other words, S(a) is the set of locations of available braid moves in . The set
of braid shadows for the braid class [ is given by

S(led) == s(8).
Belal]
That is, S([a]) is the set of locations of possible braid moves in any reduced expression

braid equivalent to ce. The cardinality of S([e]) is called the rank of a, which we denote by
rank(a).

Example 3.2. Recall the reduced expressions given in Example 2.6. Below are the braid
shadows for those reduced expressions and their respective braid classes:

(a) S(en) = {[1,4]}, S([ea]) = {[1,4], [4, 8] };

(b) S(81) = {1, 4], [11,15]}, S([8:]) = {[1, 4], [4, 8], [8, 10], [11, 15] };
(v1) = {11,310, [6, 8]}, S([val) = {[1, 3], [3, 6], [6, 8] };

(61) = {[1,4], [6, 8], [8, 101}, S([01]) = {[1,4], [4, 6, [6, 8], [3, 10]};
(v2) = {5, 7]}, S([wal) = {[1, 5], [5, 71, [7, 1]}

Let a be a reduced expression and consider the braid graph B(a). For 3 € [a], recall
that d(a, 3) is the length of any geodesic between o and 3. Each geodesic corresponds to a
minimal sequence of braid moves of length d(c, ) that transforms a into 3. We will utilize
this concept in the proof of the following proposition, which tells us that braid shadows
across a braid class for a reduced expression must either be disjoint or overlap by exactly
one position. This generalizes Proposition 3.5 in [1], which established the result in the
simply-laced case.

)
(c) §
(d) §

) S

(e

Proposition 3.3. Suppose « is a reduced expression in a Coxeter system. If I, J € S([a])
with I # J, then card(/ N J) < 1.

Proof. For sake of contradiction, assume there exists I, J € S([a]) with I # J such that
card(I N J) > 2. Choose I # J and B,v € [a] with I € §(3) and J € S(v) such that
d(B,7) = k is minimal. Note that k£ > 2 since 3 and ~ are reduced and we have chosen the
distance to be minimal. Let [ = [[i,i 4 6] and J = [j,j + ¢] for 6, > 2.

Suppose g = B, aq,...,0_1, 0 = 7 is a minimal sequence of braid equivalent re-
duced expressions, each exactly one braid move apart, that transforms 3 into 4 in k moves.
Let b; denote the braid move that transforms «;_; into «, and let X; be the braid shadow
that b, acts upon. Consider the collection Xs, X3,..., X1, which is made up of all the
braid shadows that the sequence by, b3 ..., br_1 acts upon. Notice that

k—1
(UXZ> Nli+1,i+6—1] =0,

=2
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otherwise there would exist some X; that overlaps I by two or more positions, contradicting
minimality.

We will explore all cases for X;, and ultimately show that no such first braid move exists.
We will implicitly leverage symmetry to minimize the number of cases. Without loss of
generality, assume 7 < j.

Case 1. Assume X; NI = (). Since I € §(B), we have I € S(a1). But then I € S(a)
and J € S(y) with d(ay,v) = k — 1, which contradicts minimality. So, card(X; N1) > 1.

Case 2. Now, assume X; = I. Then I € S(a) so that d(ay,~vy) = k — 1, which again
contradicts minimality.

Case 3. Suppose X; # I yet card(X; N 1) > 2. Then o would not be reduced.

Case 4. The only remaining case is card(X; N I) = 1. The preceding arguments imply
that J cannot be nested inside I, so it must be that i+ d < j+¢. That is, the right endpoint
of I must occur to the left of the right endpoint of J. There are now two subcases: X; on
the left or the right end of I. We start with X; overlapping I by one position on the right,
so that Xy NI = {i+¢}. Then X; € S(a) and card(X; N J) > 2 with d(a1,y) =k — 1,
which contradicts minimality.

Finally, we consider the subcase in which X; NI = {i}. By symmetry, we know that X
overlaps J by one position on the right of J. More specifically, Xy N J = {j + €}. Recall
that none of the braid shadows X5, ..., X;_1 overlap I by more than one, which implies that
there exists two disjoint sets of braid moves:

L={b:X, C[Li]}and R=1{b : X, C [i + 1, ¢()]}.

Clearly, L and R are disjoint, each is nonempty since b; € L and b, € R, and we have
LUR = {by,...,bx}. Moreover, all braid moves in L collectively commute with all braid
moves in R since the respective collections of braid shadows are disjoint. In particular, we
can perform some element of R as the opening move in a minimal sequence of braid moves
that transforms 3 into -y, but this is a contradiction because we determined that the opening
braid move must occur on the left side of I.

Thus, b; cannot exist for our proposed 3 and ~. It follows that no such pair exists, so
card(I N J) < 1. O

Proposition 3.3 motivates the following definition, which extends the definition in [1]
and [2] for the simply-laced case. We call a reduced expression a a link if {(a) = 1, or

l(a) > 3 and
S([a]) - {[[ilv iQ]]’ [[i27i3]]7 sy [[iTaiT+1]]}’

where 1 =4 <iy <+ <1, <ipyg =) and iy +1—dp > 3 forall 1 <k <r. Assuming
a is a link, note that if /(o) = 1, then rank(a) = 0, otherwise rank(a) =7 > 1. If ¢ is a

link of rank r > 1, then we will often denote the k' braid shadow [ix, ir;1] of [a] simply as
Sk.
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Example 3.4. Revisiting the reduced expressions in Example 2.6, we can identify which are
links. Looking at Example 3.2, we see that a, 74, 01, and v; satisfy the definition of a link
while B, does not since S([3,]) = {[1,4], [4, 8], [8,10], [11, 15]} and there is gap between
positions 10 and 11. So B, is not a link. It turns out, however, that the factors 2121323243
and 56565 of B, are links in their own right.

The following definition generalizes the same notion that appears in [1] for the simply-
laced case. We define £ to be a link factor of a reduced expression « if £ satisfies the following
properties:

(a) £ is a factor of a,
(b) £ is a link, and
(c) for every factor v of e, if £ is a factor of v and =y is a link, then £ = ~.

It follows from the definition of link factor that each non-identity reduced expression a has
a unique link factorization, say £1£; - - - £,,, where each £; is a link factor of a. For clarity, we
will denote the link factorization of a reduced expression « as

Similar to how every positive integer not equal to 1 is either a prime or has a non-trivial
prime factorization, every non-identity reduced expression is either a link or has a non-trivial
link factorization. Despite the fact that the empty word is not a link, we say that the link
factorization of the identity is a product consisting of a single copy of the empty word.

Example 3.5. Recall the reduced expression 3, = 212132324356565 from Example 2.6(b).
This reduced expression is not a link, but it has a non-trivial link factorization as suggested

by Example 3.4:
B, = 2121323243 | 56565.

The following proposition generalizes Proposition 3.9 and Corollary 3.10 in [1], and the
proof is more or less identical. It describes the content of [a] and says that the rank of a is
nothing more than the sum of the ranks the link factors, and the braid graph of a reduced
expression can be decomposed as the box product of the braid graphs of the corresponding
link factors.

Proposition 3.6. If « is a reduced expression in a Coxeter system with link factorization
£y | £y |- |£,, then we have the following:

() [a] ={B1 | By | |Bn:B; € t] for 1 <i<n};
(b) The rank of v is given by

rank(a) = Z rank(£;);

=1
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(¢) The cardinality of the braid class of a is given by

card(| ﬁ card([€
(d) B(ex) = B(£,)0B(£)3---0OB(L,,).

Proof. Part (a) follows directly from the definition of link factorization, while Parts (b)
and (c) follow by simple counting arguments. To prove Part (d), consider the following
bijection on the respective vertex sets

,61|,82|"'|,8n|—>(,61,,62,...,ﬁn),

where 3, € [£;]. This bijection respects the edges of the corresponding graphs since braid
moves on distinct link factors commute. Thus, it is an isomorphism of graphs. O

The previous theorem confirms that braid graphs of reduced expressions are decompos-
able with respect to box product, and we believe that is unique to reduced expressions. That
is, we conjecture that for a reduced expression a, B(a) is indecomposable with respect to
box product if and only if ¢ is a link.

Example 3.7. Using the link factorization of 3, as defined by Example 2.6(b) and Propo-
sition 3.6(d), we have B(3,) = B(2121323243)0B(56565). Figure 3.1 illustrates this using
colors to help identify the link factors. Also observe that

rank(8;) =4 =3+ 1 = rank(2121323213) + rank(56565),
and

card([34]) = 8 = (4)(2) = card([2121323243]) card([56565]).

Example 3.8. Consider the Coxeter system of type I'y determined by the Coxeter graph
in Figure 3.2. The expression a« = 3231313435656787 is reduced and has the following link
factorization:

323131343 | 5656 |

The braid graph and its decomposition are depicted in Figure 3.3. One can also see that
rank(a) =5 =3+ 1+ 1 = rank(3231343) 4+ rank(5656) + rank(737),

and
card([ar]) = 20 = (5)(2)(2) = card([3231343]) card([5656]) card([757]).
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Figure 3.1: The braid graph for the reduced expression in Example 3.7 and its decomposition
into a box product of braid graphs for its corresponding link factors.

I
O]
0

323131343 | 5656 |

Figure 3.3: The braid graph for the reduced expression in Example 3.8 and its decomposition
into a box product of its corresponding factors.

For generators s,t € S, define
($,t)p :=st---.
~—~—

n

We say that (s, t),, is an st-string of length n. Note that (s, t),, is reduced if n < m(s,t). The
st-string notation is helpful when we know what letter the word begins with, but sometimes
we know what letter it ends with instead. To help in these instances, we define

(s,t); :==:--st.

n
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We say that (s, t)* is a reverse ts-string of length n. That is, we now read the word right to
left starting with ¢. Note that (s,t)* is reduced if n < m(s,t).

For a reduced expression o = s, - -+ s,, and an interval [7, j], define the factor ar; ;7 :=
Sg; " 5¢;. In other words, ay; ;1 is the consecutive word occupying the positions [, j] of c.

K3

Proposition 3.9. If « is a link of rank » > 1 in a Coxeter system such that S; € S(a) with
supps, (@) = {5, ¢}, then

(a) for all v € [a, Y m(s,t)—1] € {(s, O)ms—15 (t, S)m(s.)-1}, and
(b) for all v € [a] such that Sy € S(7), vg, € {(S, D) m(st)s (t, S)misit) }-
We have analogous statements involving S,.

Proof. For (a), without loss of generality, let as, = (s,t)ms) and let o be the link we
obtain after applying the available braid move over S to «, so that o, = (t, 5)m(ss). By
Proposition 3.3, every link braid equivalent to o and o’ must begin with (s,),,s)-1 or
(t,8)m(s.)—1. Hence, for every v € [@], Y1 msp-1] € {5 Ohm(st)—1, (t, S)m(sp—1}- Part (b)
follows immediately from (a). The analogous statements for S, follow similarly. U

If v is a reduced expression and Sy, = [i, j] is the &' braid shadow of [c], then we define
the interval [i+1, j — 1] to be the k' core, denoted corey (). When it is clear which reduced
expression we are analyzing, we may denote the k*® core as core,. We can think of the core
of a braid shadow as taking the braid shadow and removing one position on either side.

The following result tells us that in a 2-avoiding Coxeter system, the factors occupying
the cores of the braid shadows across a braid class may only ever be two things—either an
st-string or a ts-string of length m(s,t) — 2. Note that this is our first result requiring the
hypothesis that the Coxeter system be 2-avoiding.

Proposition 3.10. If a is a link of rank at least one in a 2-avoiding Coxeter system such that
Sk € S(a) with suppg, (o) = {s,}, then for all v € [@], Yeore, € (5 ) m(s,t)—25 (t S)m(s,t)—27-

Proof. First, if S, = 51 or S = Siank(a), then the result follows from Proposition 3.9. Next,
if m(s,t) > 3, the result follows from Proposition 3.3.

Now, we assume 1 < k < rank(a) and m(s,t) = 3. Since suppg, (o) = {s,t}, we
know {s,t} C supp,, ([e]). For sake of contradiction, assume that there exists a generator
T € SUPDeore, ([@]) \ {s,t}. This implies that there exists v € [a] such that v5 = aza
for some a. Choose such a « so that d(a,y) = n is minimal. Let o, a,..., ¢, = 7
be a minimal sequence of braid equivalent links, each exactly one braid move apart. By
minimality, it follows that Si_1, Sk41 € S(a). Without loss of generality, as, = sts. By
minimality, it must be that

(an—l)Sk = xtz,
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so that m(z,t) = 3. Now, in order for x to belong to the support of «,_; over both Si_;
and Siy1, s must braid with x. Additionally, Sx_; and Sk,; must have the same length.
Visually, that is

(Qi) s USLUS,, = - stsT - - -

for some 1 < i < n — 1. Hence, we have m(s,t) = 3, m(t,z) = 3, and m(s,x) > 3, which
contradicts our assumption that the Coxeter system was 2&-avoiding. Thus, it must be that
Suppcorek([a]) = {57 t}7 so for every =y € [a]’ 7c0rek € {<S7 t>m(87t)*2? <t7 3>m(s,t)72}- 0

The next example illustrates the need for the 2A-avoiding hypothesis in the previous
proposition.

Example 3.11. Recall the reduced expression v, from Example 2.6(e), which is in a Coxeter
system that is not 4-avoiding. We see that [5,7] € S(v1) and suppys 71(v1) = {1, 3}, while
suppys 71([¥1]) = {1,2, 3}, which violates the conclusion of Proposition 3.10.

The next fact says that the support of any particular braid shadow is constant across each
braid equivalent reduced expression. This generalizes Proposition 3.9, which concerns braid
shadows on the ends of a link. Our reliance on the 2-avoiding hypothesis is necessitated by
the use of Proposition 3.10 in the proof.

Proposition 3.12. If a and 3 are two braid equivalent reduced expressions of length at least
three in a 2-avoiding Coxeter system, then for all Sy € S(a)NS(B), suppg, () = suppg, (B).

Proof. Suppose S}, € S(a) N S(B) such that suppg, (o) = {s,t}. The conclusion is clear
if m(s,t) > 3 by Proposition 3.10. Now, assume m(s,t) = 3. Without loss of generality,
suppose ag, = sts. By Proposition 3.10, B _is equal to either ata or sas for some a € S with
m(a,t) = 3 or m(a,s) = 3, respectively. Applying the braid move over Sy to 3, we obtain
tat or asa, respectively, which violates Proposition 3.10 unless a = s or a = ¢, respectively.
Thus, suppg, (B) = {s,t}. O

The following result asserts that the cores of two consecutive braid shadows across the
class of a link share precisely one generator. This result generalizes Corollary 3.16 in [1].

Proposition 3.13. If « is a link of rank at least two in a &-avoiding Coxeter system, then

Card(SUpDegr, (10) N SUPPeary , ([a) = 1.

Proof. By Proposition 3.10, there exists s,t,u,v € S such that supp,,,, ([a]) = {s,t} and
SUPDeorey ., ([@¢]) = {u,v}. Since S and Sk4y are consecutive, it is clear by Propositions 3.3
and 3.10, that card({s,t} N{wu,v}) > 1. However, if they were to share two generators, then
a would not be reduced. Hence card({s,t} N {u,v}) = 1. O

The following example illustrates that the 2-avoiding hypothesis is indeed required in
the two previous propositions.
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Example 3.14. Recall the reduced expression v, and its braid class from Example 2.6(e).
Notice that v; exists in a Coxeter system which is not 2-avoiding. We can see that
[5,7] € S(v1)NS(ve), while suppys 71(v1) = {1, 3} and suppys 7)(¥6) = {2, 3}, which violates
Proposition 3.12. We also see that supp..., ([1]) = {1,2} and supp.,([v1]) = {1,2,3},
violating Proposition 3.13.

Remark 3.15. Let a be a link of rank at least two in a 2-avoiding Coxeter system. Proposi-
tion 3.10 allows us to assume that supp,., ([@]) = {s,t} with m(s,t) > 3. Moreover, we can
utilize Proposition 3.13 to conclude that without loss of generality supp o, ,, ([@]) = {t,u}
with m(t,u) > 3. Since we are in a 4-avoiding system, there are cases involving the rela-
tionships among s, ¢, and u:

(a) If m(s,t) =3 =m(t,u), then m(s,u) =2 (i.e., s and v commute).
(b) If at most one of m(s,t) or m(t,u) is 3, then m(s,u) # 3.
(c) If both m(s,t) and m(t,u) are larger than 3, then m(s, u) can be anything.

Remark 3.16. Let a be a link of rank at least two in a &-avoiding Coxeter system. The
above propositions and remark allow us to describe exactly what the overlap between two
braid shadows can be. Let Sp_1 = [ix—1,i], Sk = [ix,iks1], SUPDeore, , ([@]) = {s,1}, and
SUPPcore, ([@]) = {t,u} according to Remark 3.15. Then we know the following:

(a) Suppzk([a]) = {S,t,U},
(b) for all v € [a], v, 1 # Vi, 41 and

(c) for all v € [a], v, € {s,t,u} \ {Vi,_1, Vi, 11}

In light of the above, for each v € [a] there are three possible forms that the subword
Vlin—1,i,+1] CAD take:

(1) vs,_,us, = - stu--
(ii) Y juS, = ~ooSsut- -
<Hl> ’7Sk,1USk = —tsu T

where the three displayed letters appear over [ip — 1,4 + 1].

Note that we will often invoke the facts stated in Remarks 3.15 and 3.16 without explicit
reference to them. Moreover, we can extend these facts to arbitrary reduced expressions by
applying the results to the corresponding link factors.
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Remark 3.17. If a is a reduced expression in a &-avoiding Coxeter system, then a conse-

m

quence of Proposition 3.10 and Remark 3.16 is that
card([a) < 2rnk(e),
Note that it is easy to construct examples where equality is obtained for any rank.

Recall that the core is defined as an interval, but we are also interested in the subword
occupying those positions. For a link o with rank » > 1, define the i signature of o
via sig;(@) := Qore, and the signature of o via sig(a) = (sigy(ev),...,sig,.(a)). That is,
sig(a) is the ordered list of subwords that appear in the cores of the braid shadows in a.
In light of Proposition 3.13, consecutive signature entries share at most one generator but
must be distinct. Note that we could extend the definition of signature to arbitrary reduced
expressions by concatenating the signatures for the corresponding link factors. However, we
only require that it be defined for links in this thesis.

For two braid equivalent links v and 3 of rank at least one, we define A(sig(av),sig(3))
to be the number of entries that differ between the signatures of o and 3.

Example 3.18. Recalling the reduced expressions from Example 2.6(a) and (e), we can find
their signatures, and we can find the number of entries that differ between their signatures:

(a) Since sig(a) = (12,323) and sig(as) = (21, 232), A(sig(a), sig(B)) = 2;
(b) Since sig(vy) = (212, 3,212) and sig(vy) = (212, 3, 121), A(sig(vy),sig(vy)) = 1.

Loosely speaking, the following result tells us that signature determines the expression
of a link. This generalizes Lemma 5.6 in [1].

Proposition 3.19. Suppose @ and 3 are two braid equivalent links of rank at least one in
a A-avoiding Coxeter system. Then a = 3 if and only if sig(a) = sig(3).

Proof. The forward direction is immediate. To prove the backward direction, we suppose
sig(ar) = sig(B), so that cteore, = Beore, for all 1 <k < r, where r = rank(a). Now, if each
Sk = [ik,ik+41], then by Remark 3.16, o, ] = Bii, for all 1 <k <r —1. Thus, we have
Q20(c)-1] = B,u(a)-1]- NoW we apply Proposition 3.9 and we get the desired result. U

We conjecture that the conclusion of Proposition 3.19 does not require the assumption
that the Coxeter system is 2-avoiding, but our proof does utilize this hypothesis since we
rely on Remark 3.16, which applies to &-avoiding systems.

We now introduce some additional notation that will be helpful when discussing sequences
of braid moves. We will use b{f to denote the £ braid move in a minimal sequence of braid
moves occurring in the ji* braid shadow S;,. We will simply write #/* to denote applying a
braid move over S;,. If a is a reduced expression such that S;, € S(a), then ¥*(a) is the
reduced expression resulting from performing the braid move on .5}, .
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The following proposition says that each braid shadow is only used once along a geodesic
in the corresponding braid graph between two reduced expressions, and that every geodesic
between two reduced expressions uses the same set of braid shadows. This generalizes Propo-
sition 5.1 in [2].

Proposition 3.20. Suppose @ and 3 are two braid equivalent reduced expressions of rank
at least one in a 2-avoiding Coxeter system. A braid sequence b{l,bf, ..., from a to
B is minimal if and only if each j; appears exactly once. Moreover, if b]f, b%z, ..., and
bl bk, ... bl are minimal braid sequences from a to 3, then {ji,...,jn} = {l1,..., 1, }.

Proof. Towards a contradiction, suppose there exists a minimal braid sequence b{l , bJ;, N
from a to B such that j; = j;« for some ¢ # i*. Choose a and B such that n is minimal
among all such pairs. Since n is minimal, we can assume that j; = j,, and this is the only
repetition that occurs. Two cases arise.

First, assume that the first two braid shadows S;, and S, are disjoint. Clearly, b and
b;é could be applied in either order, which contradicts the minimality of n.

Now, assume that S}, and S;, overlap by one position. Without loss of generality, let S},
fall on the right hand side of Sj,, and let suppg, (o) = {s,¢} and suppg, (o) = {t,u}. Then
by Remark 3.16,

aShUSJ'Q = <S7 t):n(s,t)—13<u7 t>m(u,t)71
b1
— <t’ S);kn(s,t)—lt<u7 t)m(u,t)fl
by
- <t7 S)jn(s,t)—l“’(t u)m(u,t)fl-
Let o' denote the link obtained by applying all the braid moves in the sequence but b’».
Since j; and j, are distinct from 7js3, 74, ..., Jn_1,

o, = (t,8) (s p-1U-

J1
Hence S;, € S(a’). This contradicts our assumption that 7! is the final move because it
is not available in the second to last word in the sequence. So we have proved the forward
implication.

For the converse, suppose each j; appears exactly once in a braid sequence b]f, ;, N
from a to B. Clearly, d(a, 3) < n. Certainly, given the hypotheses n = A(sig(a), sig(3)).
Also note that a geodesic from a to 3 must include an odd number of braid moves for each
signature change, so A(sig(a),sig(83)) < d(a,3). Then we have that n < d(a, 3). Hence

d(et,3) = n, which implies that b',6%’,..., b is a minimal braid sequence.

Now, assume b]f, b;’z, ..., and blll, bl;, ..., bl are both minimal braid sequences from
to 8. Let 1 <14 < n. By the above, sig; (o) # sig;,(3), so there must exist 1 < m < n such
that [, = j;. We conclude that {ji,...,jn} = {l1,...,ln}. O

25



When examining braid graphs, it is often useful to assign colors to braid shadow locations.
If one has done so, then Proposition 3.20 may be understood as there is no repetition of
colors on a geodesic between two reduced expressions, and the same color set is used on
each geodesic between two reduced expressions. The following example helps visualize this
connection.

Example 3.21. Consider the Coxeter system I'y determined by the Coxeter graph in Fig-
ure 3.2. The reduced expression a« = 34313123243545 is a link. Figure 3.4 depicts the braid
graph for ae. Note that we have used colors to depict the braid shadow over which the braid
move was performed. The blue edges correspond to Sy, the black edges correspond to Sy,
the pink edges correspond to S3, the edges correspond to Sy, and the green edges
correspond to Ss. One can verify that each geodesic between any pair of vertices uses the
same color set with each color appearing exactly once.

a

Figure 3.4: The braid graph for the reduced expression in Example 3.21, where the edges
are colored according to the corresponding location of the braid move.

The next example illustrates the necessity of the 2-avoiding hypothesis in Proposi-
tion 3.20.

Example 3.22. Recall the reduced expression v from Example 2.6(e) and its braid graph.
Figure 3.5 depicts B(v1), where the edges are colored according to the corresponding location
of the braid move. The blue edges correspond to Si, the pink edges correspond to S, and
the edges correspond to S3. Note that pink appears twice on any geodesic between
v, and vg.

Figure 3.5: The braid graph from Figure 2.6(e), where the edges are now colored according
to the corresponding location of the braid move.
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The next result follows directly from Proposition 3.20. It says that the length of a geodesic
between two links on a braid graph is equal to the number of changes in their respective
signatures and the diameter of a braid graph for a given link is at most the rank of the link.

Corollary 3.23. If o and 3 are braid equivalent links in a &-avoiding Coxeter system, then
d(e, B) = A(sig(a), sig(B3)) and diam(B(a)) < rank(c).

Example 3.24. Recall the reduced expression o = 34313123243545 from Example 3.21.
Consider ' in Figure 3.4, which is the reduced expression we obtain by performing the
third, fourth, and then fifth braid moves to ae. That is,

b’ (b*(b*(cx))) = 34313132435454 = o’

One can see that sig(a) = (4,131, 3,4,5) while sig(a’) = (4,131,2,3,4), so that we have
A(sig(ar),sig(a’)) = 3. Looking at Figure 3.4, one can verify that d(a, @) = 3, as expected.
Moreover, diam(B(a)) = 5 = rank(a).

We conjecture that diam(B(a)) = rank(a) for any reduced expression in a &-avoiding
Coxeter system. The next example illustrates the need for the 2-avoiding hypothesis in both
Corollary 3.23 and the previous conjecture.

Example 3.25. Recall the link v; from Example 2.6(e) and its braid graph. Notice that
diam(B(vy)) = 4 > 3 = rank(v,), which shows that Corollary 3.23 fails if the Coxeter system
is not &-avoiding.

Generalizing a conjecture in [2], we hypothesize that for a link a in a &-avoiding Coxeter
system, there is a unique diametrical pair that determines the diameter of B(a). As the
next example illustrates, the conjecture fails for arbitrary reduced expressions.

Example 3.26. Recall the reduced expression 3, from Example 2.6(b). Considering B(3,)
in Figure 2.6, it is clear that diam(B(3,)) = 4, and that there are two diametrical pairs,
namely the pair 3, and B¢ and the pair 35 and 3,.
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Chapter 4

Median structure of braid graphs for
links

We will now work towards our main result. For a link a, we begin by defining the set

sigi(a) == {B € [a] : sig;(8) = sig;(a)}.

That is, sig;(c) is the set of all links braid equivalent to « that have the same i*" signature
entry as a. Later, we will be specifically interested in the set sig,(c), where r = rank(a).

Example 4.1. Consider the links a; and -+, from Example 2.6(a) and (c). Note that
rank(al) = 2 and rank(vy,) = 3. We have the following sets for these reduced expressions:

) = {aq};
{ou, an};

) sigy(an) =
(c) Slg1 Y1) = {7173}
)

Let a be a link of rank r > 2. If supp... ([@]) = {s,t}, then we define & to be the
reduced expression obtained by deleting the rightmost m(s,t) — 1 letters. If we choose a
random link a, then & is not necessarily a link. However, if we choose a special link, then
this construction yields a link. The following proposition guarantees that this specific link
always exists. This proposition generalizes Lemma 5.4 in [1].

Proposition 4.2. If « is a link of rank » > 2 in a 2-avoiding Coxeter system, then there
exists o € [a] such that S,_q, S, € S(o).

Proof. Let o be a link of rank r > 2. Suppose supp.y,., () = {u,t} and supp ., (o) =
{s,t}, where m(u,t),m(s,t) > 3. Since a is a link, we may choose o € [a] such that
Sr-1 € 8(o) and o5, , = (u,t),,,- Then by Proposition 3.10, sig.(o) = (s, t)m(s)-2
Proposition 3.9 implies that S, € S(o). O
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The following example is provided to help the reader gain intuition about the next propo-
sition.

Example 4.3. Consider the link @ = 323131343435464 in the Coxeter system of type ['s
determined by Figure 4.1. We can choose o = 323131434345464 according to Proposition 4.2.
Now, set 7 = b°(0) = 323131434345646. Figure 4.2 depicts the braid graph for a.. Note
that we have highlighted B(a)[sigs(o)] in blue and B(a)[sigs(7)] in pink. We have that
6 = 3231314343454 and B(6) = B(a)[sigs(o)]. Each of the edges joining B(a)[sigs(o)]
and B(a)[sigs(7)] correspond to b° and are colored black. Foreshadowing to the proof of
Theorem 4.9, notice that V (B(a)[sigs(0)]) = Wy » = sigs(o), V (B(a)[sig5(7)]) = Ur o, and
the vertices highlighted in grey make up the set Uy, ;.

323131434345464 = o
323131343435464 = o

T = 323131434345646

Figure 4.2: The braid graph for the reduced expression in Example 4.3 along with a partition
of the vertices according to Proposition 4.4.

The following proposition generalizes Lemmas 5.5 and 5.8 from [1], which handled simply-
laced Coxeter systems.

Proposition 4.4. Let a be a link of rank r > 2 in a 2-avoiding Coxeter system. If we
choose o € [a] such that S,_1, S, € S(o) according to Proposition 4.2, then we have:

(a) & is a link of rank r — 1;

(b) 1f B € sig, (o), then B € [6];
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(¢) Every element of [6] is of the form B for some 3 € sig,(o);
(d) {sig,(0),sig, (b"(0))} is a partition of [o;
(¢) It B € 5, (v"(0)), then S, € S(B) and (1"(8))1.48) miosyo1s € [0,

Proof. Parts (a), (b), and (e) are immediate.

Now, suppose o o(o)-m(ut)+2,60)] = (U )mup-1 and let v € [6]. Then there must be
a sequence of braid moves that transforms & into v. Now, set B := v(u, t)mu)-1 so that
B = =. Because the rightmost braid move is never performed in the previously mentioned
sequence, applying the sequence to o instead of & will yield 3. Clearly, sig,(8) = sig, (o),
so B € sig, (o). This proves Part (c).

Lastly, note that sig, (o) is non-empty since it contains . Applying the rightmost braid
move to o will yield an element of sig, (b"(a)), so sig,(b"(o)) is also non-empty. Clearly,
sig, (o) and sig, (b" (o)) are disjoint, and sig, (o) Usig,(b"(o)) = [a]. Hence we have proved
Part (d). O

We now define a graph homomorphism. If v is a link of rank » > 2 in a 2-avoiding Coxeter
system, choose o such that S,_1, S, € S(o) according to Proposition 4.2. By Proposition 4.4,
every element in [] is of the form 3 where B € sig, (o). That is, if sig, (07) = (5, t)m(ss)_2,
then 8 = B(s,t)m(ss)-1. Now, define the graph homomorphism Q: B(¢) — B(a)[sig, ()]
via Q(B) = (3. That is, the map 2 appends the suffix that was deleted when forming B
Note that €2 is well defined by Proposition 4.4.

Example 4.5. Consider the link o = 545343131323431313 in the Coxeter system I'y deter-
mined by the Coxeter graph in Figure 3.2. Note that rank(e) = 6 and S5, S5 € S(o), so o
is chosen according to Proposition 4.2. Then o = 54534313132343, and

Q(6) = Q(54534313132313) = 545343131323131313 = o

Figure 4.3 illustrates the map 2. Notice that {2 is an isometric embedding.

The following proposition establishes that €2 is an isometric embedding as suggested by
Example 4.5. The next two results generalize Corollary 5.10 from [1].

Proposition 4.6. Let a be a link of rank » > 2 in a 2-avoiding Coxeter system. If we choose
o € [a] such that S,_1, S, € 8(o), then € is an isometric embedding with im(Q2) = sig,. (o).

Proof. Assume that o' [yo)—m(s,t)+2,60)] = (S, t)m(s,t)—1. Choose B,’Sf € [o] such that B,~v €
sig, (o) according to Proposition 4.4(c). We will show that

A (B,9) = di()(B,7) = iz, (o) (B2 )
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B(a)

B(o) /

AN\ N >
/\/— a = 545343131323413131
Q /
Q QO _ O /
& = 54534313132343 o = 545343131323431313
O

o

Figure 4.3: An illustration of the map Q: B(¢) — B(a) from Example 4.5.

A geodesic in B(a) between 3 and 4 yields a corresponding path between 3 and v in B(«),
and hence dgo)(8,7) < dps (B 4). Since 3,~ € sig, (o), by Proposition 3.20 no geodesic
between (3 and ~ in B(a) involves an edge labeled by S,. This implies that every geodesic
between B and « is contained in sig, (o), so that every geodesic between 3 and ~ yields a
path between 3 and 4 in B(6). Therefore, we have dg(é) (B,4) < dp(a) (B, 7). It follows that
d@)(B,7) = da(B,7). By Proposition 3.20, dp)(8,7) = A g ( (,B 7). Therefore,
() is an isometric embedding.

It is clear that im(2) C sig, (o) since the 7! signature of every element of im({2) agrees
with the r*" signature of o. Now let @ € sig, (o). Then by Proposition 4.4(b) & € [6]. So
Q(2) = x, which implies € im(Q2). Thus, sig, (o) C im(Q2). Hence, im(Q) =sig,. (o). O

The next corollary follows immediately from Proposition 4.6.

Corollary 4.7. Let « be a link of rank 7 > 2 in a £-avoiding Coxeter system. If we choose
o € [a] such that S,_;, S, € S(o), then B(g) = B(a)[sig, (o).

The following result generalizes Proposition 6.1 in [2]. Our proof is identical, but we
include it here for completeness.

Proposition 4.8. If a is a link of rank > 1 in a 4-avoiding Coxeter system and {3,~v} €
E(B(a)), then there exists a unique ¢ with 1 < ¢ < r such that sig;(8) # sig;(7y) and

WBN = @z(ﬁ)

Proof. By Corollary 3.23, there exists a unique i such that sig,(8) # sig;(y).
Note that both Ws ., and sig;(3) are non-empty because they both contain 3. For the
forward containment, let & € Wg,. Towards contradiction, assume sig,(x) # sig;(3). By
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assumption and Corollary 3.23, we obtain

where the second equality holds because we assumed sig;(3) # sig;(v) and sig;(x) # sig;(8),
which implies sig,(x) = sig;(7). However d(x, 3) = d(x,~) + 1 contradicts Proposition 1.6.
Thus, sig,(z) = sig,(8), so @ € sig;(3) and hence Wg, C sig;(3).

For the backward containment, let = € sig;(3). That is, sig;(x) = sig;(3). Then by
Corollary 3.23,

d(z,~v) = A(sig(x), sig(y))
= A(sig(z),sig(B)) + 1
= d(x,v) + 1,

where the second equality holds because we assumed sig;(x) = sig;(3) and sig;(3) # sig;(v),
so sig;(x) # sig;(y). By Proposition 1.6, we have & € W, so sig;(3) C Ws.+.

Hence, Wg .~ = sig;(3). O

The next theorem states that in &-avoiding Coxeter systems braid graphs for links are
median. We can consider this to be our main result, and it generalizes the main result in [2],
which handles the simply-laced case.

Theorem 4.9. If a is a link in a 2-avoiding Coxeter system, then B(a) is median.

Proof. Suppose « is a link of rank . We proceed by induction on r. For the base steps, we
consider r = 0 and r = 1. If » = 0, then B(a) is a single vertex, which is clearly median. If
r =1, then B(a) is two vertices with one edge connecting them, which is also median.

Now, we move to the inductive step. Let r > 2 and assume all braid graphs for links
of rank » — 1 are median. Suppose « is a link of rank r. Now, choose o € [a] such that
Sr—1,S, € S(o) according to Proposition 4.2. Then o is of the form

o = @, W) ry—11(8, Dm(s.-1,

where s,t,u € S, m(s,t),m(t,u) > 3, and the product on the right is reduced. By Propo-
sition 4.4(a), & is a link of rank r — 1, so B(&) is median by the inductive hypothesis. By
Proposition 4.6, B(¢) is isomorphic to the induced subgraph B(a)sig, (o)]. Thus, it suffices
to show that B(a) can be obtained by performing one peripheral expansion on B(&).

Towards that goal, (noting that by Proposition 4.8 we know that Wy () = sig, (o)) we
consider the following set

U = Uy (o) = {B € 5i,(0) : {8,7} € E(B(e) for some 7 € sig, (' (o))}
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We will show that U is convex and that we can obtain B(a) by doing a peripheral expan-

sion to B(a)[sig,(o)] relative to U. Note that every 8 € U ends in (t,8)ms. Also, by
Proposition 4.4(e), if 4 € sig,(b"(o)), then ¢ ends in (s, t)(s. This implies that

U= {B €5ig,(c) : Bs, = {t. )mie)-

We show that U is convex by contradiction. Let ¢, 7 € U and suppose that there is some
geodesic between ¢ and T that contains v € sig, (o) \ U. Since v € sig,(o)\ U, it must have
the same r'" signature as o but it cannot have the same subword in the r*" braid shadow.
Thus, b"~! must have been applied during the sequence of braid moves that takes ¢ to v, so
Vs, = (U, 8)m(su)- However,
Ps. = (t, S>m(8,t) =T5sr
so b"~! must have been applied twice, which contradicts Proposition 3.20, so U must be
convex.
Now we consider the following set

Ur (1.0 = {8 € 518, (1 (o)) : {B. 7} € E(B(c)) for some 7 € 5ig, (o)}.

We will now show that this set is actually equal to sig, (b"(c)). We have Uy (5),» C sig, (0" (o))
because Wy (5o = sig,(b"(o)) by Proposition 4.8, and Uy (5),0 € Wir ()0 by definition. If
x € sig, (b"(0)), then g, = (s,t)m(sy) so that b (x)s, = (t,8)msy. We also know that

{x,v} € E(B(o)) for some v € sig, (o), so we have sig,("(0)) C Upr(o),0-

Lastly, we must show that B(a)[U] = B(«)[sig,(b"(o))]. Suppose that {x, v} is an edge
in B(a)[U]. That means x and v are related by a single braid move, so there must be
some 1 < ¢ < r such that b'(xz) = v. However, since ¢,v € U, x5, = vg, so S; must
be disjoint from S,. This means that S; € S(b"(x)), so b'(b"(x)) = b"(v). This means
that b"(x) and b"(v) are related by the same braid move b, so they are connected by an
edge in B(a)[sig,(b"(0))]. Thus for every edge in B(«)[U], there is a corresponding edge
in B(a)[sig, (b"(a))]. Similarly, for every edge in B(a)[sig, (b"(a))], there is a corresponding
edge in B(a)[U]. Thus the two induced subgraphs are isomorphic. Therefore, B(ax) can be

obtained by performing one peripheral expansion on B(a)[sig,(o)]. Thus, B(a) is median
by Proposition 1.14. ([l

Combining the above theorem with Propositions 1.10 and 3.6(d) yields the following fact.

Corollary 4.10. If a is a reduced expression in a &-avoiding Coxeter system, then B(a) is
median.

It is important to note that the converse of Corollary 4.10 is not true. That is, not every
median graph arises as a braid graph of a reduced expression in a 2-avoiding Coxeter system.

Example 4.11. Figure 4.4 depicts a median graph that the authors of [2] argue cannot be
realized as a braid graph in a simply-laced and triangle-free Coxeter system. Their argument
can easily be generalized to arbitrary 2-avoiding Coxeter systems.
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Figure 4.4: A median graph that does not arise as a braid graph in 2&-avoiding Coxeter
system.

Corollary 4.10 states that every braid graph is median in a 2-avoiding Coxeter system,
while the next example suggests that braid graphs are median in arbitrary Coxeter systems.
We conjecture every braid graph in any Coxeter system is median. However, a new approach
must be implemented to prove this.

Example 4.12. Recall the reduced expression vy from Example 2.6(e) and its braid graph
from Figure 2.7. Although v is in a Coxeter system whose Coxeter graph contains a three-
cycle with the labels 3, 3,5, its braid graph is median.

By Proposition 1.8 we get the following result, which was proved in the simply-laced case
in [1], and again in [2] using a different approach.

Corollary 4.13. If ac is a reduced expression in a &-avoiding Coxeter system, then B(a) is
a partial cube.

In [2], the authors prove that if a Coxeter system is of type A and a is a reduced
expression, then the isometric dimension of B(a) is equal to the rank of a. That is,
dim;(B(e)) = rank(ca). We conjecture that this same result holds when the Coxeter system
is A-avoiding. However, this result does not hold when the Coxeter system is not &-avoiding,
as the next example illustrates.

Example 4.14. Recall the reduced expression vy = from Example 2.6(e) and its braid graph.
Clearly, rank(vy) = 3. However, it is easy to see that dim;(B(v1)) > 3. It turns out that
the isometric dimension of B(vy) is 4. It follows that dim;(B(vy)) = 4 > 3 = rank(v4), so
the conjecture concerning isometric dimension fails if the Coxeter system is not &-avoiding.

We now define another set dealing with signatures of links. If & and 3 are braid equivalent
links, we define

Sig(cr. B) = { € [a] : sig,(7) = sig;(cx) whenever sig, () = sis;,(8)}.

That is, sig(a, 3) is the set of links in the class of a whose signature entries agree with
the signature entries that o and @ have in common. Note that if sig;(a) # sig;(8) for all
1 < i < rank(a), then the qualifying statement is vacuously true, and sig(a, @) = [a]. The
following proposition generalizes Proposition 7.5 in [2], and our proof is nearly identical.

Proposition 4.15. If o and 3 are braid equivalent links in a 2-avoiding Coxeter system,
then I(a, B) = sig(a, B).
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Proof. The containment I(ca, 3) C sig(er, @) follows from Proposition 3.20. For the reverse
containment, suppose vy € sig(a,3). Then there is a minimal braid sequence b, ... b

from a to v and a minimal braid sequence bi’j:f, ..., from v to B. We will show that

b{l, e ,b{;’“,bfc’i:f, ...,/ is a minimal braid sequence from « to B. By Proposition 3.20,
J1,---,Jk are pairwise distinct and jgi1,...,J, are pairwise distinct. So, using Proposi-
tion 3.20 again, it suffices to show that {ji,..., 75k} N {Jk+1,--.,Jn} = 0. Towards a con-
tradiction, suppose that there exists j; = j,, for some 1 <[l < kand k+1 <m < n. Let
J = ji = Jm- Notice that j; = j,, is the only repeat in the sequence. Since S; is applied at
some point between a and -, it must be that sig; () # sig;(+). Similarly, sig; (B) # sig; (7).
This implies that sig;(c) = sig;(8). However, since v € sig(a, B) and sig;(ar) # sig;(7),
it must be that sig;(c) # sig;(8). This is a contradiction, so there must not exist such

Jm = ji- Thus, the braid sequence bJ', ... ,bi‘“, bi’f:ll, ..., from « to B is minimal, so by

Proposition 3.20 we have I(c, 3) 2 sig(a, B). O

We now wish to construct a way to calculate the median med(ey, 3,7) for three braid
equivalent links a, 3,7 in a 2-avoiding Coxeter system. It turns out that there is often a
relationship between median graphs and the so-called majority rule. In light of Proposi-
tion 3.10, for a, 3,~ braid equivalent links of rank at least one, we define the i"* majority
of a, B, via

. _Jsigi(a), if sig;(a) = sig;(B) or sig;(a) = sig;(7)
maj,(a, 3,7) := {Sigi<,3)7 otherwise.

That is, given a triple of braid equivalent links, when at least two of the links contain
the same subword in the i*" core, we record that subword. For braid equivalent links o, 3, ~
of rank r > 1, we define the majority of a, 3, via

ma’j(a7 /37 7) = (ma‘jl(a7 /67 7)7 Tt majr(a7 /87 7))

Similar to the signature of a link, the majority of three braid equivalent links is an ordered
list of subwords.

Example 4.16. Recall the links below in the Coxeter system of type I's from Example 2.6(d):
03 = 3232134354, 65 = 2321314354, and d7 = 2323143545.

The first step in calculating the majority maj(ds, 85, d7) is to find the signature of each link:
sig(d3) = (23,1,4,5)
sig(ds) = (32,3,4,5)
sig(d7) = (32, 1,3,4).
According to the definition of the i*" majority, maj, (83,85, 87) = 32, maj,(d3, 85, 87) = 1,

maj;(d3, 05, 07) = 4, and maj,(d3, d5,7) = 5. Collecting these in an ordered list, numbered
left to right, yields maj(ds, ds,d7) = (32,1,4,5).
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The next proposition generalizes Lemma 7.6 in [2]. It says that the intersection of the
intervals for each pair in the triple of links is nothing more than the links in the class whose
signature is the majority of the triple.

Proposition 4.17. If «, 3, are braid equivalent links in a &-avoiding Coxeter system,
then

sig(a, B) Nisig(B, ) Nsig(y, @) = {z € [a] : sig(x) = maj(a, B,7)}.

Proof. The result follows immediately from the definitions of the set sig for two links and
majority of three links. O

We know by Theorem 4.9 that the braid graph for a link in a &-avoiding Coxeter system
is a median graph. This tells us that for any three braid equivalent links «, 3, of rank at
least one in a &-avoiding Coxeter system, the median med (e, 3,7) exists. The next result
generalizes Proposition 7.7 in [2], and it makes the connection between median and majority
clear. In particular, it states that the median of three braid equivalent links is the link in
their class determined by the signature that is equal to the majority of the triple.

Proposition 4.18. If «, 3, are braid equivalent links in a 2-avoiding Coxeter system and
@ € [a] is the unique link satisfying sig(x) = maj(a, 3,7), then med(c, 3,7) = @.

Proof. Using Propositions 4.15 and 4.17 together, we have
I(ce, B) N I(B,7) N I(7, ) = sig(ax, B) Nsig(B,v) Nsig(y, @)
= {z € [o] : sig(x) = maj(a, B,7)}.

By Theorem 4.9, this set consists of one unique link, namely med(ea, 3,7). By Proposi-
tion 3.19, med(ex, B,7) is the unique link x € [a] satisfying sig(x) = maj(a, 3,7). O

Example 4.19. Recall from Example 2.6(d) the braid equivalent links in the Coxeter system
of type I's:

85 = 3232134354, 8, = 2323134354, 85 = 2321314354, and §; = 2323143545.

And recall from Example 4.16 that the majority of these three links is maj(ds, d5,d7) =
(32,1,4,5), which is sig(d4). By Proposition 4.18, med(ds, d5,d7) must be d,. Figure 4.5
depicts B(d3), and the intervals 1(d3,d5), I(d5,d7), and I(d7,d3) are highlighted in blue,

, and , respectively. One can visually check that the intervals overlap at d4, as
expected.
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o7
d3
94
o5

Figure 4.5: Median computation for Example 4.19.
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