The mathematician does not study pure
mathematics because it is useful; he studies it
because he delights in it, and he delights in it
because it is beautiful.

Chapter 1

Henri Poincaré, mathematician & physicist

Introduction
1.1

What is This Course All About?

This course introduces basic concepts and methods of analysis. The course focuses on the
theory of the real number system and calculus of functions of a real variable. The content
will include:
1. Axioms of the real numbers, supremum and infimum.
2. Topology of the real numbers including completeness and compactness.
3. Sequences and convergence, including the algebra of limits.
4. Limits of functions, including the algebra of limits.
5. Continuity, including the algebra of continuous functions, continuity of compositions, and uniform continuity.
6. Di↵erentiation, including the algebra of derivatives and applications to behavior of
functions.
7. Riemann integration, including linearity and order properties, integrability of continuous functions, Riemann sums, and the Fundamental Theorem of Calculus.
We will take an axiomatic approach (definition, theorem, and proof) to the subject,
but along the way, you will develop intuition about the objects of real analysis and pick
up more proof-writing skills. The emphasis of this course is on your ability to read,
understand, and communicate mathematics in the context of real analysis.
Your progress will be fueled by your ability to wrestle with mathematical ideas and
to prove theorems. As you work through the book, you will find that you have ideas for
proofs, but you are unsure of them. Do not be afraid to tinker and make mistakes. You
can always revisit your work as you become more proficient. Do not expect to do most
things perfectly on your first—or even second or third—attempt. The material is too rich
for a human being to completely understand immediately. Learning a new skill requires
dedication and patience during periods of frustration. Moreover, solving genuine problems is difficult and takes time. But it is also rewarding!
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The mathematician does not study pure
mathematics because it is useful; he studies it
because he delights in it, and he delights in it
because it is beautiful.
Henri Poincaré

1.2

An Inquiry-Based Approach

In many mathematics classrooms, “doing mathematics” means following the rules dictated by the teacher, and “knowing mathematics” means remembering and applying
them. However, this is not a typical mathematics textbook and is likely a significant
departure from your prior experience, where mimicking prefabricated examples led you
to success. In order to promote a more active participation in your learning, this book adheres to an educational philosophy called inquiry-based learning (IBL). IBL is a studentcentered method of teaching that engages students in sense-making activities and challenges them to create or discover mathematics. In this book, you will be expected to
actively engage with the topics at hand and to construct your own understanding. You
will be given tasks requiring you to solve problems, conjecture, experiment, explore, create, and communicate. Rather than showing facts or a clear, smooth path to a solution,
this book will guide and mentor you through an adventure in mathematical discovery.
This book makes no assumptions about the specifics of how your instructor chooses
to implement an IBL approach. Generally speaking, students are told which problems
and theorems to grapple with for the next class sessions, and then the majority of class
time is devoted to students working in groups on unresolved solutions/proofs or having students present their proposed solutions/proofs to the rest of the class. Students
should—as much as possible—be responsible for guiding the acquisition of knowledge
and validating the ideas presented. That is, you should not be looking to the instructor
as the sole authority. In an IBL course, instructor and students have joint responsibility
for the depth and progress of the course. While e↵ective IBL courses come in a variety of
forms, they all possess a few essential ingredients. According to Laursen and Rasmussen
(2019), the Four Pillars of IBL are:
• Students engage deeply with coherent and meaningful mathematical tasks.
• Students collaboratively process mathematical ideas.
• Instructors inquire into student thinking.
• Instructors foster equity in their design and facilitation choices.
This book can only address the first pillar while it is the responsibility of your instructor
and class to develop a culture that provides an adequate environment for the remaining
pillars to take root. If you are studying this material independent of a classroom setting,
I encourage you to find a community where you can collaborate and discuss your ideas.
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Just like learning to play an instrument or sport, you will have to learn new skills and
ideas. Along this journey, you should expect a cycle of victory and defeat, experiencing
a full range of emotions. Sometimes you will feel exhilarated, other times you might
be seemingly paralyzed by extreme confusion. You will experience struggle and failure
before you experience understanding. This is part of the normal learning process. If you
are doing things well, you should be confused on a regular basis. Productive struggle
and mistakes provide opportunities for growth. As the author of this text, I am here to
guide and challenge you, but I cannot do the learning for you, just as a music teacher
cannot move your fingers and your heart for you. This is a very exciting time in your
mathematical career. You will experience mathematics in a new and profound way. Be
patient with yourself and others as you adjust to a new paradigm.
You could view this book as mountaineering guidebook. I have provided a list of
mountains to summit, sometimes indicating which trailhead to start at or which trail to
follow. There will always be multiple routes to top, some more challenging than others.
Some summits you will attain quickly and easily, others might require a multi-day expedition. Oftentimes, your journey will be laced with false summits. Some summits will
be obscured by clouds. Sometimes you will have to wait out a storm, perhaps turning
around and attempting another route, or even attempting to summit on a di↵erent day
after the weather has cleared. The strength, fitness, and endurance you gain along the
way will allow you to take on more and more challenging, and often beautiful, terrain.
Do not forget to take in the view from the top! The joy you feel from overcoming obstacles and reaching each summit under your own will and power has the potential to
be life changing. But make no mistake, the journey is vastly more important than the
destinations.
Don’t fear failure. Not failure, but low aim, is
the crime. In great attempts it is glorious even
to fail.
Bruce Lee, martial artist & actor

1.3

Structure of the Textbook

As you read this book, you will be required to digest the material in a meaningful way.
It is your responsibility to read and understand new definitions and their related concepts. In addition, you will be asked to complete problems aimed at solidifying your
understanding of the material. Most importantly, you will be asked to make conjectures,
produce counterexamples, and prove theorems. All of these tasks will almost always be
challenging.
The items labeled as Definition, Axiom, Example, and Theorem are meant to be read
and digested. The items labeled as Problem require action on your part. Some Problems
are computational in nature and aimed at improving your understanding of a particular
concept while others ask you to provide a counterexample for a statement if it is false or to
provide a proof if the statement is true. Other problems are exercises aimed at developing
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understanding of the content. Some problems will be easy, a few extremely hard. Most
will be somewhere in between, to enhance your sense of confidence and accomplishment.
It is important to point out that there are very few examples in the notes. This is intentional. The goal of some of the problems is for you to produce the examples. There are
a handful of items labeled as Theorem, which are results that we will take for granted.
Lastly, there are many situations where you will want to refer to an earlier axiom, definition, theorem or problem. In this case, you should reference the statement by number.
For example, you might write something like, “By Problem 2.20, we see that. . . .”
One thing to always keep in mind is that every task in this book can be done by you,
the student. But it may not be on your first try, or even your second. The overarching
goal of this book is to help you develop a deep and meaningful understanding of the
processes of producing mathematics by putting you in direct contact with mathematical
phenomena.
Don’t just read it; fight it! Ask your own
questions, look for your own examples, discover
your own proofs. Is the hypothesis necessary? Is
the converse true? What happens in the classical
special case? What about the degenerate cases?
Where does the proof use the hypothesis?
Paul Halmos, mathematician

1.4

Rules of the Game

Reviewing material from previous courses and looking up definitions and theorems you
may have forgotten is fair game. However, when it comes to completing assignments
for this course, you should not look to resources outside the context of this course for
help. That is, you should not be consulting the web, other texts, other faculty, or students
outside of our course in an attempt to find solutions to the problems you are assigned.
This includes Chegg and Course Hero. On the other hand, you may use each other, the
textbook, me, and your own intuition. If you feel you need additional resources, please
come talk to me and we will come up with an appropriate plan of action.
If you want to sharpen a sword, you have to
remove a little metal.
Unknown

1.5

Rights of the Learner

As a reader of this textbook, you have the right to:
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1. be confused,
2. make a mistake and to revise your thinking,
3. speak, listen, and be heard, and
4. enjoy doing mathematics.
You may encounter many defeats, but you must
not be defeated.
Maya Angelou, poet & activist

1.6

Some Minimal Guidance

Especially in the opening sections, it will not be clear what facts from your prior experience in mathematics you are “allowed” to use. Unfortunately, addressing this issue
is difficult and is something we will sort out along the way. In addition, you are likely
unfamiliar with how to structure a valid mathematical proof. So that you do not feel
completely abandoned, here are some guidelines to keep in mind as you get started with
writing proofs.
• The statement you are proving should be on the same page as the beginning of your
proof.
• You should indicate where the proof begins by writing “Proof.” at the beginning.
• Make it clear to yourself and the reader what your assumptions are at the very beginning of your proof. Typically, these statements will start o↵ “Assume. . . ”, “Suppose. . . ”, or “Let. . . ”. Sometimes there will be some implicit assumptions that we
can omit, but at least in the beginning, you should get in the habit of clearly stating
your assumptions up front.
• Carefully consider the order in which you write your proof. Each sentence should
follow from an earlier sentence in your proof or possibly a result you have already
proved.
• Unlike the experience many of you had writing proofs in your high school geometry
class, our proofs should be written in complete sentences. You should break sections
of a proof into paragraphs and use proper grammar. There are some pedantic conventions for doing this that will be pointed out along the way. Initially, this will be
an issue that you may struggle with, but you will get the hang of it.
• There will be many situations where you will want to refer to an earlier definition,
problem, theorem, or corollary. In this case, you should reference the statement
by number, but it is also helpful to the reader to summarize the statement you are
citing.
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• There will be times when we will need to do some basic algebraic manipulations.
You should feel free to do this whenever the need arises. But you should show sufficient work along the way. In addition, you should organize your calculations so that
each step follows from the previous. The order in which we write things matters.
You do not need to write down justifications for basic algebraic manipulations (e.g.,
adding 1 to both sides of an equation, adding and subtracting the same amount on
the same side of an equation, adding like terms, factoring, basic simplification, etc.).
• On the other hand, you do need to make explicit justification of the logical steps in
a proof. As stated above, you should cite a previous definition, theorem, etc. when
necessary.
• Similar to making it clear where your proof begins, you should indicate where it
ends. It is common to conclude a proof with the standard “proof box” (⇤ or ⌅).
This little square at end of a proof is sometimes called a tombstone or Halmos
symbol after Hungarian-born American mathematician Paul Halmos (1916–2006).
It is of utmost importance that you work to understand every proof. Questions—asked
to your instructor, your peers, and yourself—are often your best tool for determining
whether you understand a proof. Another way to help you process and understand a
proof is to try and make observations and connections between di↵erent ideas, proof
statements and methods, and to compare various approaches.
If you would like additional guidance before you dig in, look over the guidelines in
Appendix A: Elements of Style for Proofs. It is suggested that you review this appendix
occasionally as you progress through the book as some guidelines may not initially make
sense or seem relevant. Be prepared to put in a lot of time and do all the work. Your
e↵ort will pay o↵ in intellectual development. Now, go have fun and start exploring
mathematics!
Our greatest glory is not in never falling, but in
rising every time we fall.
Confucius, philosopher
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