
MAT 526 - Fall 2022 Due Wednesday, November 16

Homework 11
Combinatorics

You are allowed and encouraged to work together on homework. Yet, each student is expected to
turn in his or her own work. In general, late homework will not be accepted. However, you are
allowed to turn in up to two late homework assignments with no questions asked.

Reviewing material from previous courses and looking up definitions and theorems you may have
forgotten is fair game. However, when it comes to completing assignments for this course, you
should not look to resources outside the context of this course for help. That is, you should not be
consulting the web, other texts, other faculty, or students outside of our course in an attempt to
find solutions to the problems you are assigned. This includes Chegg and Course Hero. On the
other hand, you may use each other, Discord, me, and your own intuition. If you feel you need
additional resources, please come talk to me and we will come up with an appropriate plan of
action. Please read NAU’s Academic Integrity Policy.

Complete the following problems.

1. Prove that the interval below any n-cycle in the absolute order on Sn is isomorphic (as posets)
to any other. Hint: You may take for granted that any two n-cycles are conjugate to one
another by some w ∈ Sn. Show that conjugation by w takes cover relations to cover relations
in the respective posets.

2. Let pn,k denote the number of integer partitions of n into k parts. Refine the rank generating
function for the Young lattice Y (see Homework 10) to obtain an expression for the following
generating function: ∑

n,k≥0

pn,kt
kzn.

3. The conjugate of an integer partition λ is the partition λ′ with Young diagram obtained by
transposing (i.e., swap rows and columns) the Young diagram for λ. Let qn denote the num-
ber of integer partitions that are self-conjugate (i.e., λ is equal to its conjugate). Prove that∑

n≥0

qnz
n =

∏
i≥1

(1 + z2i−1).

Hint: Show that qn also counts the number of partitions of n into distinct odd parts.

4. The adjacent sorting length of a permutation w = w(1) · · ·w(n) ∈ Sn, denoted `(w), is the min-
imal number of adjacent swaps of positions needed to sort the permutation to the identity.
For example, 31542 has wicked awesome sorting length at most 5 since the permutation can
be unscrambled in five moves as follows:

31542→ 31452→ 31425→ 31245→ 13245→ 12345.

In fact, `(31542) is exactly 5. Fun Fact: The adjacent sorting length of a permutation is the
same as the Coxeter length in Coxeter groups of type An−1.

(a) Prove that ifw ∈ Sn, thenw◦(i, i+1) is the permutation that results fromw by swapping
the values in positions i and i + 1 of w.
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(b) Prove that inv(w) = `(w) for all w ∈ Sn. Hint: Start by proving that applying an adja-
cent swap to positions of a permutation either increases the number of inversions by
one or decreases the number of inversions by one, and then describe an unscrambling
algorithm that decreases the number of inversions after each swap.

(c) Conclude that ∑
w∈Sn

q`(w) = [n]q!.

5. Given a lattice path p consisting only of north and east steps, define area(p) to be the total
area under the path p (and above the x-axis). Recall the definition of L(k,n−k) that appeared
on Part 2 of Exam 1. Prove that ∑

p∈L(k,n−k)

qarea(p) =
∑
w∈Sn

Des(w)⊆{k}

qinv(w).
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